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An Approach to Modeling the Mean Residual Time

Ahmadi, R. 1 Jamali, M. 2

1 Iran University of Science and Technology, Iran
2 Faculty of Mathematics, Statistics and Computer Science, University of Tabriz, Tabriz, Iran

Abstract

There has been increasing interest in employing the mean residual lifetime
(MRL) as a key index for failure prognosis. But, it is not flexible enough to ac-
commodate condition monitoring information required for maintenance decision-
making. The primary innovation of this work lies in computing the mean residual
time based on the expected time to reach a defective state, rather than waiting for
complete system failure. Further in this study, the characterization problem of the
proposed reliability index is addressed and its monotonicity properties are analyzed.

Keywords: Mean residual lifetime, Failure prognosis, Parallel system configu-
ration, System inspection

1 Introduction

For multi-component systems one of the most important system structures is the parallel
structure. Nuclear reactor safety systems, emergency core cooling systems, fire detec-
tors, and protective devise are examples of systems with parallel structure [14, 1]. It
is well known that, for a parallel configuration with n components, the system works

1Ahmadi Reza@iust.ac.ir
2mahsajamali 90@yahoo.com
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whenever at least one of its components works. In this regard, Jamali et al. [10] propose
a generic MRL model for the reliability analysis of a load-sharing coherent system by
employing the signature technique and a generalized Farlie-Gumbel-Morgenstern (FGM)
copula function. Therefore, utilizing mean residual life (MRL) information provides a
more accurate assessment of system reliability over time[8].

A reliability index used in a parallel system is theMean Residual Life (MRL). Knowing
that the system has up to a specific age, MRL provides an idea of how long this system
can be expected to survive. Denoting by Tf the system lifetime, MRL is

MRL(t) = E[Tf − t | Tf > t], t ≥ 0 (1.1)

which is the expected remaining life of the system given it has survived up to t. Al-
though MRL is known as a key tool in reliability and survival analysis, it is not flexible
enough to accommodate actual situations. To get more accurate estimates, authors at-
tempt to upgrade it through incorporating system information. System information can
be related, for instance, to the system degradation [9], to the components failure process
[6, 5], or to covariates [7, 2, 3]. In a multi-component system, when the number of failed
components exceeds a determined defective threshold, the system can be less efficient,
causing losses of production, energy, capital or even environmental damages [13, 15].

In this paper, a parallel system consisting of n identical components is studied. Before
the system breaks down, there will be signs of reduced performance resulting from the
number of failed components. We assume that, if d components are not functioning
(d < n), the system is less efficient and it is working with a reduced performance. If the
number of failed components does not exceed d, the system is properly working.

In this paper, we develop a detailed analytical framework for evaluating the state-
dependent mean residual lifetime (SDMRL) function for parallel systems with identical
components. Initially, an explicit integral representation of the SDMRL, m1:n(t, d, j), is
established. Then, the monotonicity of the SDMRL with respect to t and the parameter
d is considered.

Additionally, we express the SDMRL for parallel systems in terms of the mean resid-
ual lifetime (MRL) of equivalent series systems. An inverse relationship is also derived,
allowing the MRL of a series system to be represented through a combination of SDMRLs
of parallel systems with varying configurations. These results offer deeper insights into
the dynamic behavior of system reliability under progressive component failures.

2 Framework of the model

2.1 Model assumptions

A parallel system consisting of n identical components is analyzed. The following assump-
tions are given:

1. Each component is identical and operates independently. The failure time of each
component is modeled as a continuous random variable with probability density
function f and cumulative distribution function F .
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2. At time 0, the system is completely new.

3. If d components are not functioning (d < n), the system is in a defective state. That
means the system continues to operate but with diminished performance.

2.2 Features of the SDMRL

Let X(t) be the number of failed components at time t, and T[1], T[2], . . . , T[n] denote the
order statistics of lifetimes T1, T2, . . . , Tn. According to assumption (3), the d-th order
statistic T[d] (for d = 1, 2, . . . , n − 1) can be interpreted as the time at which the system
enters in a defective state.

Then, given X(t) = j with j < d, the state-dependent mean residual time to reach
T[d] is represented as

m̄1:n(t, d, j) = E[T[d] − t | X(t) = j]. (2.1)

Notation: 1 : n indicates that a system with n components operates correctly if at
least 1 out of n components are operating. Intuitively, the SDMRL of a series system can
be written as as m̄n:n(t, 1, 0).

Lemma 2.1. Let m̄1:n(t, d, j) be the state-dependent mean residual time given in Eq. (2)
with j < d for a parallel system of n identical components. Then

m̄1:n(t, d, j) =

∫ ∞

t

d−1∑
k=j

B(n− k, n− j, Ḡ(v, t)) dv (2.2)

where

Ḡ(v, t) =
F̄ (v)

F̄ (t)
, v ≥ t. (2.3)

B(n− k, n− j, Ḡ(v, t)) =
(
n− j
n− k

)
Ḡ(v, t)n−k(1− Ḡ(v, t))k−j.

Proof. For proof see [4] . □
For fixed t and j, it is trivial that m̄1:n(t, d, j) is increasing in d. Lemmas 2.2 and 2.3

analyze the monotony of m̄1:n(t, d, j) given in Eq. (2.2) with respect to t and j.

Lemma 2.2. For fixed t and d, the SDMRL m̄1:n(t, d, j) given by Eq. (2.2) is a decreasing
function of j.

Proof. For proof see [4] . □

Lemma 2.3. Under the assumption of the increasing failure rate (IFR) of the lifetime
of the components, for fixed n, j and d, m̄1:n(t, d, j) given in Eq. (2.1) is a decreasing
function of t.

Proof. For proof see [4] . □
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Example 2.4. Figure 1 demonstrates the state-dependent mean residual time as a func-
tion of time t, for different values of the number of failed components j ∈ {5, 10, 15} and
Weibull shape parameters a ∈ {1.1, 1.2, 1.3}, with fixed d = 25. This expectation has
been computed using a parallel system consisting of 30 identical components, assuming
that the system reduces its performance when the number of failed components equals
d = 25. The components’ lifetime follows a Weibull distribution with shape parameter
a and scale parameter 1. As we can check in Figure 1, the state-dependent mean resid-
ual time m1:30(t, 25, j) is decreasing with respect to t for different values of the shape
parameter a and numbers of failed components j ∈ {5, 10, 15}.

j = 5 j = 10 j = 15

0 1 2 3 0 1 2 3 0 1 2 3

0.75

1.00

1.25

t

m
1:

30
(t,

 2
5,

 j)

Figure 1: Comparison of the SDMRL function m30
1 (t, 25, j) trends over time for different shape param-

eters a ∈ {1.1, 1.2, 1.3} and numbers of failed components j in a parallel system with a Weibull lifetime
distribution.Red, green and blue color corespond to a ∈ {1.1, 1.2, 1.3} respectively.

Example 2.5. Figure 2 shows the state-dependent mean residual time versus t. This
expectation has been computed using a parallel system consisting of n = 30 identical
components and assuming that the system exhibits a performance reduction when the
number of failed components is equal d ∈ {20, 25, 30}. The components’ lifetime follows a
Weibull distribution with shape parameter a ∈ {1.1, 1.2, 1.3} and scale parameter equals
to 1.

We further assume that, at time t, there are j = 5 failed components in the system.
As we can check in Figure 2, m̄1:30(t, d, 5) is decreasing with respect to t.

Before addressing the characterization problem we provide the following auxiliary
result.

Remark 2.6. Let m̄n:n(t, 1, 0) be the mean residual life at time t of a series system con-
sisting of n identical and independent components with lifetime distribution F . That
is,

m̄n:n(t, 1, 0) =

∫ ∞

t

Ḡ(v, t)n dv, (2.4)
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d = 20 d = 25 d = 30

0 1 2 3 0 1 2 3 0 1 2 3

1

2

3

t

m
1:

30
(t,

 d
, 5

)

Figure 2: Behavior of the SDMRL function m30
1 (t, d, 5) over time for a Weibull distribution with shape

parameters a ∈ {1.1, 1.2, 1.3} and different threshold values d ∈ {20, 25, 30}, with fixed j = 5.Red, green
and blue color correspond to a ∈ {1.1, 1.2, 1.3} respectively.

where Ḡ(·) is given by Eq. (2.3). Next result addresses the characterization problem of
the SDMRL with respect to an ordinary MRL and vice versa.

2.3 Characterization

Lemma 2.7. Let m̄n:n(t, 1, 0) be the mean residual lifetime at time t of a series system
with n identical and independent components. Then the state-dependent mean residual
time given by Eq. (2.1) can be expressed in terms of m̄n:n(t, 1, 0) as follows:

m̄1:n(t, d, j) =

d−j∑
k=1

(
n− j

n− d+ k

)(
k + n− d− 1

k − 1

)
(−1)k+1m̄k+n−d+k+n−d(t, 1, 0).

Proof. For proof see [4] . □
Lemma 2.7 allows to inversely represent the ordinary MRL of a series system with

respect to the SDMRLs of parallel systems. More specifically, for k = 0, 1, . . . , n− j − 1
we have:

m̄n−j:n−j−k(t, 1, 0) =
k+1∑
w=1

(
n−j−w
k−w+1

)(
n−j

n−j−k

) m̄1:n(t, j + w, j)

Proof. For proof see [4] . □
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Stochastic Comparisons of Extremes with Dependent

and Heterogeneous Observations from a General Two

Parameters Distribution

Al-jabbar, A. 1 Kelkinnama, M. 2

Department of Mathematical Sciences, Isfahan University of Technology, Isfahan, Iran

Abstract

In this paper, we carry out stochastic comparisons of lifetimes of two series
(and two parallel) systems consisting of dependent and heterogeneous components.
The underlying dependence model for component lifetimes are supposed to be an
Archimedean copula. Also, we assume a general two parameters distribution for the
lifetime distribution of components. Sufficient conditions are developed to get the
usual stochastic ordering between two systems. Example is given to illustrate the
theoretical findings.

Keywords: Stochastic comparisons, Majorization, Archimedean copula

1 Introduction

The kth smallest variable of the set of random variables X1, ..., Xn is denoted by order
statistic Xk:n, k = 1, ..., n. The role of order statistics in various branches of statistics such
as reliability theory, survival analysis and actuarial science, is clear for all. In reliability
theory, Xk:n is the lifetime of a well-known (n − k + 1)-out-of-n system. This system

1amal@math.iut.ac.ir
2 m.kelkinnama@iut.ac.ir
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works if at least n − k + 1 of its n components function and specially includes series
system (X1:n) and parallel system (Xn:n). Therefore, the study of stochastic properties of
order statistics aims the study of lifetimes of (n− k + 1)-out-of-n system.

Numerous researchers have examined stochastic comparisons between order statistics
from specific families of distributions when the underlying random variables have a het-
erogeneity in the parameters vector. These comparisons were initially made for common
and well-known distributions such as exponential, gamma, and Weibull and were then
studied by many researchers for other more flexible distributions such as exponentiated
Weibull, a generalized modified Weibull model, negative binomial model, Chen’s distri-
bution, Gompertz-Makeham model etc. Also, some authors have extended the results to
a larger class of distributions, such as location-scale family, proportional odds model, ex-
ponentiated location-scale models, etc. Most early papers in this field performed random
comparisons assuming independence of components. In practical situations, the compo-
nents of a system may have a dependence structur which result in a set of statistically
dependent observations. The dependence condition of the components are mostly investi-
gated with the help of copulas. In the last decade, many researches focuses on stochastic
comparison on order statistics assuming the dependency among random variables, among
them we refer to Fang et al. [4] for scaled proportional hazards model, Barmalzan et al.
[1] for extended exponential distribution, Das et al. [3] for exponentiated location-scale
models, Chowdhury et al. [2] for Weibull-G distribution, and Samanta et al. [6] for
extended Weibull distribution.

In a more general framework, Nadeb et al. [5] assumed that the component distribu-
tions have a general form as F̄ (x, λ), and under the Archimedean copula obtained some
results on comparing series (parallel) systems with heterogeneous components. In ob-
taining the results, they assumed some conditions on the behavior of F̄ w.r.t λ. In this
subject, Sharahili [7] also obtained some other results.

In this paper, we assume a general two parameters distribution for the components’
lifetimes (say F (x;α, θ)) and obtain sufficient conditions for satisfying the usual stochastic
ordering between two series (and two parallel) systems with two vectors of parameters. In
fact, we aim to generalize the previous two mentioned works from one parameter family
to two parameters one.

2 Preliminaries

In this section, we review some definitions, lemmas and notations which will be used to
present the main results of the article.

Definition 2.1. Let X and Y be two non-negative random variables with cumulative
distribution functions (cdf) F and G and then survival (reliability) functions F̄ = (1−F )
and Ḡ = (1 − G), respectively. We say that X is smaller than Y in the usual stochastic
order, denoted by X ≤st Y , if F̄ (t) ≤ Ḡ(t) or equivalently F (t) ≥ G(t), ∀t ∈ [0,∞).

Definition 2.2. For two real vectors x = (x1, ..., xn) and y = (y1, .., yn), let x1:n ≤ x2:n ≤
... ≤ xn:n and y1:n ≤ y2:n ≤ ... ≤ yn:n be the increasing arrangement of them, respectively.
Then the vector x is said to

8



1 . weakly supermajorize y (written as x ⪰w y) if
∑j

i=1 xi:n ≤
∑j

i=1 yi:n for j =
1, ..., n.

2 . weakly submajorize y (written as x ⪰w y) if
∑n

i=j xi:n ≥
∑n

i=j yi:n for j = 1, ..., n.

Lemma 2.3. Let ϕ be a real-valued function, defined and continuous on D = {x : x1 ≥
x2 ≥ ... ≥ xn} and continuously differentiable on the interior of D. Denote the partial

derivative of ϕ with respect to its kth argument by ϕ(k)(z) =
∂ϕ(z)
∂zk

. Then,

i. ϕ(x) ≤ ϕ(y) whenever x ⪯w y on D if and only if ϕ(1)(z) ≥ ϕ(2)(z) ≥ ... ≥ ϕ(n)(z) ≥
0, i.e, the gradient ▽ϕ(z) ∈ D+ = {x : x1 ≥ x2 ≥ ... ≥ xn ≥ 0}, for all z in the
interior of D.

ii. ϕ(x) ≤ ϕ(y) whenever x ⪯w y on D if and only if 0 ≥ ϕ(1)(z) ≥ ϕ(2)(z) ≥ ... ≥
ϕ(n)(z), i.e, the gradient ▽ϕ(z) ∈ D− = {x : 0 ≥ x1 ≥ x2 ≥ ... ≥ xn}, for all z in
the interior of D

Consider a random vectorX = (X1, X2, ..., Xn) with joint distribution function F , joint
survival function F̄ , univariate cdfs F1, ..., Fn and univariate survival functions F̄1, ...., F̄n.
We have

F (x1, ..., xn) = C(F1(x1), ..., Fn(xn)); F̄ (x1, ...., xn) = C̄(F̄1(x1), ..., F̄n(xn)),

where C and C̄ are called the copula and survival copula of random vectorX, respectively.
An important class of copulas is Archimedean copula, which its definition is given at the
sequel.

Definition 2.4. For a decreasing and continuous function ψ : [0,+∞] 7−→ [0, 1] such that
ψ(0) = 1 and ψ(+∞) = 0, let ϕ = ψ−1 be the pseudo-inverse. Then

Cψ(u1, ..., un) = ψ(ϕ(u1) + ...+ ϕ(un)), ui ∈ (0, 1), i = 1, ..., n,

is said to be an Archimedean Copula with generator ψ if (−1)kψk(x) ≥ 0 for k = 0, ..., n−2
and (−1)n−2ψn−2(x) is decreasing and convex.

The following lemmas are useful to establish the main results. First, recall that a
function f is said to be super-additive if f(x + y) ≥ f(x) + f(y), for all x and y in the
domain of f .

Lemma 2.5. For two n-dimensional Archimedean Copulas Cψ1 and Cψ2, if ϕ2 ◦ ψ1 is
super-additive, then Cψ1(u) ≤ Cψ2(u) for all u = (u1, ..., un) ∈ [0, 1]n.

For convenience, from now on, we denote

I+ = {(x1, ..., xn) : 0 < x1 ≤ x2 ≤ ... ≤ xn}, D+ = {(x1, ..., xn) : x1 ≥ x2 ≥ ... ≥ xn > 0}

3 Main results

Let X = (X1, ..., Xn) be a random vector, we denote X ∼ F (α,θ, ψ) for the sample
follows a two parameters distriybution F , with α = (α1, ..., αn), and θ = (θ1, ..., θn) as
the parameter vectors, and ψ is generator of the associated Archimedean copula.

9



3.1 Maximum of sample

In this subsection, we carry out stochastic comparison of the largest order statistics from
dependent and heterogeneous observations having a general two parameters distribution.

Theorem 3.1. Let X ∼ F (α,θ, ψ1) and Y ∼ F (µ,θ, ψ2), Suppose that

(i) α,µ ∈ I+, θ ∈ D+,

(ii) ψ1 or ψ2 is log-convex and ϕ2 ◦ ψ1 is super-additive,

(iii) F is increasing in α and decreasing in θ, F is log-concave in α and ∂F/∂α
F

is incresing
in θ,

then α ⪰w µ implies Xn:n ≥st Yn:n.

Proof. The respective distribution functions of Xn:n and Yn:n are equal to

FXn:n(x) = ψ1(
n∑
k=1

ϕ1[F (x;αk, θk)]).

and

FYn:n(x) = ψ2(
n∑
k=1

ϕ2[F (x;µk, θk)]).

The super-additivity of ϕ2 ◦ ψ1 implies that

ψ1(
n∑
k=1

ϕ1[(F (x;µk, θk)]) ≤ ψ2(
n∑
k=1

ϕ2[F (x;µk, θk)])

then, it suffices to prove that

ψ1(
n∑
k=1

ϕ1[F (x;αk, θk]) ≤ ψ1(
n∑
k=1

ϕ1[F (x;µk, θk)]). (3.1)

Let ψ1(
∑n

k=1 ϕ1[F (x;αk, θk])) = W (α,θ, ψ1), which is differentiable. Based on the as-
sumption (i), according to Lemma 2.3, we then only need to show that for all 1 ≤ i < j ≤ n

0 ≤ ∂

∂αj
W (α,θ, ψ1) ≤

∂

∂αi
W (α,θ, ψ1). (3.2)

Taking the derivative of W (α,θ, ψ1) with respect to αi, i = 1, ..., n we have

∂

∂αi
W (α,θ, ψ1) = ψ′

1(
n∑
k=1

ϕ1[F (x;αk, θk)])
ψ1(ϕ1[F (x;αi, θi)])

ψ′
1(ϕ1[F (x;αi, θi)])

× ∂F (x;αi, θi)/∂αi
F (x;αi, θi)

≥ 0

10



where the inequality follows from the assumption (iii) of the theorem (F is increasing in
α for all θ > 0).

From the log-convexity of ψ1, decreasing behavior of ϕ1, and decreasing trend of F in
θ for all α > 0, we have that ψ1(ϕ1[F (x;αi,θi)])

ψ′
1(ϕ1[F (x;αi,θi)])

is non-positive, increasing in α > 0 for all

fixed θ and decreasing in θ > 0 for all fixed α > 0. Therefore, for 1 ≤ i < j ≤ n we have

0 ≥ ψ1(ϕ1[F (x;αj, θj)])

ψ′
1(ϕ1[F (x;αj, θj)])

≥ ψ1(ϕ1[F (x;αi, θi)])

ψ′
1(ϕ1[F (x;αi, θi)])

(3.3)

Thus, it can be obtained that

∂

∂αj
W (α, θ, ψ1)−

∂

∂αi
W (α, θ, ψ1)

=sgn
[ψ1(ϕ1[F (x, αi, θi)])

ψ′
1(ϕ1[F (x, αi, θi)])

× ∂F (x, αi, θi)/∂αi
F (x, αi, θi)

− ψ1(ϕ1[F (x, αj, θj)])

ψ′
1(ϕ1[F (x, αj, θj)])

× ∂F (x, αj, θj)/∂αj
F (x, αj, θj)

]
≤ ψ1(ϕ1[F (x, αj, θj)])

ψ′
1(ϕ1[F (x, αj, θj)])

[∂F (x, αi, θi)/∂αi
F (x, αi, θi)

− ∂F (x, αj, θj)/∂αj
F (x, αj, θj)

]
=sgn

[∂F (x, αj, θj)/∂αj
F (x, αj, θj)

− ∂F (x, αi, θi)/∂αi
F (x, αi, θi)

]
≤ 0

where the first inequality follows from (3.3), and the last one follows from assumption
(iii). Hence (3.2) is proved, and from Lemma 2.3, α ⪰w µ implies that (3.1) is satisfied
and the proof is completed.

Next, we turn to the case when the vectors of second parameter are majorized. We
omit the proof of the following theorem because similarity.

Theorem 3.2. Let X ∼ F (α,θ, ψ1) and X ∼ F (α,σ, ψ2), Suppose that

(i) θ,σ ∈ D+, α ∈ I+

(ii) ψ1 or ψ2 is log-convex and ϕ2 ◦ ψ1 is super-additive,

(iii) F is increasing in α and decreasing in θ, F is log-concave in θ and ∂F/∂θ
F

is increasing
in α,

then θ ⪰w σ implies Xn:n ≥st Yn:n.

Combining Theorem 3.1 and 3.2 a more general result is achieved as follows.

Theorem 3.3. Let X ∼ F (α,θ, ψ1) and Y ∼ F (µ,σ, ψ2), Suppose that

(i) θ,σ ∈ D+, α,µ ∈ I+

(ii) ψ1 or ψ2 is log-convex and ϕ2 ◦ ψ1 is super-additive,

(iii) F is incresing in α, decreasing in θ, F is log-concave in θ and α, ∂F/∂α
F

is increasing

in θ, ∂F/∂θ
F

is increasing in α,

then θ ⪰w σ and α ⪰w µ imply Xn:n ≥st Yn:n.

11



3.2 Minimum of sample

In this subsection, we carry out stochastic comparison of smallest order statistics from
dependent and heterogeneous observations from a general two parameters distribution,
with the heterogeneity in the model parameters.

Theorem 3.4. Let X ∼ F(α,θ, ψ1) and Y ∼ F (µ,θ, ψ2), Suppose that

(i) α,µ ∈ I+, θ ∈ D+

(ii) ψ1 or ψ2 is log-convex and ϕ2 ◦ ψ1 is super-additive,

(iii) F is increasing in α and decreasing in θ, 1 − F is log-concave in α and ∂F/∂α
1−F is

decreasing in θ,

then α ⪰w µ implies X1:n ≤st Y1:n.

Theorem 3.5. Let X ∼ F (α,θ, ψ1) and Y ∼ F(α,σ, ψ2), Suppose that

(i) θ,σ ∈ D+, α ∈ I+

(ii) ψ1 or ψ2 is log-convex and ϕ2 ◦ ψ1 is super-additive

(iii) F is increasing in α and decreasing in θ, 1 − F is log-concave in θ and ∂F/∂θ
1−F is

decreasing in α,

then θ ⪰w σ implies X1:n ≤st Y1:n.

Theorem 3.6. Let X ∼ F (α,θ, ψ1) and Y ∼ F (µ,σ, ψ2), Suppose that

(i) θ,σ ∈ D+, α,µ ∈ I+

(ii) ψ1 or ψ2 is log-convex and ϕ2 ◦ ψ1 is super-additive

(iii) F is increasing in α and decreasing in θ, 1− F is log-concave in θ and α, ∂F/∂α
1−F is

decreasing in θ, and ∂F/∂θ
1−F is decreasing in α,

then θ ⪰w σ and α ⪰w µ imply X1:n ≤st Y1:n.

4 Special case

In this section, we present a case that satisfy the distributional conditions of the general
model discussed in the previous section. Wang et al. [8] carried out stochastic comparisons
of lifetimes of series and parallel systems with dependent heterogeneous Type II half

logistic-resilience scale (TIIHL-RS) with cdf F (x;α, θ) = 2Gθ(αx)
1+Gθ(αx)

, x ≥ 0, α > 0, θ > 0,
where G is the baseline cdf with g as the corresponding baseline density function. Here,
we investigate the conditions in Theorem 3.6 for this two parameters distribution. First,
we see that

∂F (x;α, θ)

∂θ
=

2Gθ(αx) ln(G(αx))

(1 +Gθ(αx))2
≤ 0,

∂F (x;α, θ)

∂α
=

2θxg(αx)Gθ−1(αx)

(1 +Gθ(αx))2
≥ 0,

12



hence F (x;α, θ) is increasing in α and decreasing in θ for each x > 0. On the other hand,
we have

∂ ln(F (x;α, θ))

∂α
= x

θ

1 +Gθ(αx)
r(αx) (4.1)

where, r(αx) = g(αx)
G(αx)

. Assuming that the function r(.) decreases, it can be deduced that

(4.1) is decresing in α, i.e. F is log-concave in α. Also, it can be easily shown that (4.1)
is increasing in θ.

Also, we have

∂ ln(F (x;α, θ))

∂θ
=

lnG(αx)

Gθ(αx)
(4.2)

which can be shown easily that it is decreasing in θ and increasing in α.
Hence, the set of conditions (iii) in Theorems 3.1 and 3.2 are satisfied and we get the

following proposition, which coincides with the obtained result in [8].

Theorem 4.1. Let X ∼ TIIHL − RS(α,θ, ψ1) and Y ∼ TIIHL − RS(µ,σ, ψ2).
Suppose that

(i) θ,σ ∈ D+, α,µ ∈ I+

(ii) ψ1 or ψ2 is log-convex and ϕ2 ◦ ψ1 is super-additive,

(iii) r(y) = g(y)
G(y)

is decreasing in y,

then θ ⪰w σ and α ⪰w µ imply Xn:n ≥st Yn:n.
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Best Unbiased Prediction of Order Statistics in

Generalized Extreme Value Distribution
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Abstract

Assume that some order statistics from a Generalized Extreme value distribution
are missing. We aim to impute the missing values. We compute the Best Unbiased
Prediction (BUP) of these missing values. Additionally, we examine and compare
the performance of the derived predictor with several alternatives through compre-
hensive simulations for various extreme value indexes, sample sizes, and the number
of missing values. We observe that generally, the method BUP demonstrates better
performance.

Keywords: Extreme value distribution, Missing order statistics, Extreme value
index, Prediction

1 Introduction

Extreme distributions represent a fascinating family of distributions in the literature,
encompassing Fréchet, Gumbel, and Weibull skew and heavy tail distributions. The
Fréchet, Gumbel, and Weibull distribution functions can, in turn, be nested within a one-
parameter family of distributions via the von Mises-Jenkinson parameterization [8, 19].
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Notably, the Generalized Extreme Value (GEV) distribution has a distribution function
defined by

Gγ(x) =

 exp(−(1 + γx)−1/γ) γ ̸= 0, 1 + γx > 0

exp(−e−x) γ = 0

(1.1)

The parameter γ, known as extreme value index (EVI), determines the shape of the GEV
distribution. If γ > 0, Gγ represents a heavy-tailed distribution and is said to be in
the domain of attraction of the Fréchet distribution. If γ = 0, the Gumbel domain of
attraction represents the simplest case for inference. Lastly, if γ < 0, then x < −1/γ, the
distribution function is said to be in the domain of attraction of the Weibull distribution.
This domain includes short-tailed distributions with a finite right endpoint.

The reality of data collection often involves incomplete observations due to censoring,
a phenomenon where the precise value of an observation remains unknown. Order statis-
tics, representing the ordered values within a sample, offer a powerful analytical tool for
such data. The versatility of order statistics in analyzing extreme value distributions with
censoring is evident in its widespread applications across diverse fields. In reliability anal-
ysis, order statistics are fundamental for estimating lifetime distributions and predicting
component failures. The analysis of failure times often involves censoring, making order
statistics indispensable for accurate estimation. In hydrology, order statistics are used
to model extreme rainfall events, design flood defenses, and assess the risk of flooding
[19, 21]. Long-term rainfall data are often incomplete due to missing observations or
limitations in historical records, necessitating the use of methods that handle censoring
effectively. Financial applications involve modeling extreme market fluctuations, estimat-
ing Value at Risk, and managing financial risk [21]. Financial data often exhibit heavy
tails and may contain censored observations, requiring the use of robust methods based on
order statistics. Environmental science uses order statistics to analyze air pollution lev-
els, assess environmental risks, and predict extreme weather events [21]. Environmental
data often involve censoring due to limitations in monitoring equipment or the infrequent
occurrence of extreme events. Medical research applies order statistics to model survival
times, analyze censored data in clinical trials, and assess treatment effectiveness [7]. Clin-
ical trial data frequently involve censoring due to patients dropping out of the study or
the study ending before all patients experience the event of interest.

Let X1, . . . , Xn are random variables of GEV with a parameter γ, and let Y1 ≤ Y2 ≤
· · · ≤ Yn be the corresponding order statistics. Assume that some of the order statistics
values are lost (or censored), that is we only observed the data set Y = (Y1, . . . , Ym)
that 0 ≤ m ≤ n. The problem of predicting the censored order statistics and interpolate
the missing order statistics are fundamental interest. A few methods have been proposed
for interpolation of order statistics. Razmkhah [20] compared some interpolation (predic-
tion or reconstruction) methods of missing order statistics. Khatib et al. [10] developed
Bayesian interpolation under the assumption that the underlying distribution is exponen-
tial and that scale parameter has a conjugate prior. Best unbiased prediction of missing
order statistics of a stable distribution, based on conditional expected value has been
studied in [2, 3].
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In this paper, we address the issue of predicting missing order statistics in the gener-
alized extreme value distribution. We use Best Unbiased Prediction ( Interpolation or re-
construction) (BUP) to generate imputed values for missing orders. For Fréchet, Gumbel
and Weibull, we derive the BUP. Additionally, we examine the Conditional Median Pre-
diction (CMP), which has been explored by several authors, including Raqab [17, 16, 1].
We also consider the Conditional Average Prediction (CAP) studied by Razmkhah et al.
[20] and Asgharzadeh et al. [5].

We also examine the performance of derived predictor in three methods through com-
prehensive simulation for various extreme value indexes, sample sizes and the number of
missing values.

The structure of the paper is outlined as follows. In Section 2, necessary and sufficient
conditions for the existence of conditional moments of order statistics of GEV random
variables are introduced. In Section 3, using the results obtained in Section 2, we at-
tempt to interpolate the missed order statistics. Finally, in Section 4, we examine the
performance of methods mentioned in section 3 through comprehensive simulation.

2 Existence conditional of order statistics Moments

Let Yi, i = 1, . . . , n be order statistics from a GEV distribution with a common probability
density function (pdf) and cumulative distribution function (cdf), denoted as gγ(x) and
Gγ(x), respectively.

For an Extreme random variable X ∼ Gγ(x) with γ ∈ R, if γ > 0, moments E|X|k
of order k > 1/γ are not finite (See [15]). Formally, heavy-tailed distributions are those
whose tail probability, 1−Gγ>0(x), is larger than that of an exponential distribution, (See
[18]). Thus, noting that if γ > 0,

lim
λ→∞

λ1/γP (X > λ) = γ−1/γ.

Lemma 2.1. Let X1, . . . , Xn be random variables of Gγ(x) with the extreme value index,
γ > 0. Let Y1 ≤ Y2 ≤ · · · ≤ Yn be the corresponding order statistics, then

lim
λ→∞

λ(n−t+1)/γP (Yt > λ) =

(
n

n− t+ 1

)
γ−(n−t+1)/γ (2.1)

Proof. It can be show that

P (Yt > λ) =
n∑

i=n−t+1

(−1)i−(n−t+1)

(
i− 1

n− t

) ∑
1≤h1<···<hi≤n

P (Xh1 > λ, . . . , Xhi > λ).

Refer to [22] for the proof.
From independence and regularly varying property, equations (1), we have∑

1≤h1<···<hi≤n

P (Xh1 > λ, . . . , Xhi > λ) =
∑

1≤h1<···<hi≤n

i∏
j=1

P (Xhj > λ)

=

(
n

i

)
(P (X > λ))i .
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Therefore,

P (Yt > λ) =
n∑

i=n−t+1

(−1)i−(n−t+1)

(
i− 1

n− t

)(
n

i

)
(P (X > λ))i

So,

lim
λ→∞

λ(n−t+1)/γP (Yt > λ) =
n∑

i=n−t+1

[
(−1)i−(n−t+1)

(
i− 1

n− t

)(
n

i

)
lim
λ→∞

λ(n−t+1)/γ(P (X > λ))i
]
.

Thus

lim
λ→∞

λ(n−t+1)/γP (Yt > λ) =

{ (
n

n−t+1

)
γ−(n−t+1)/γ i = n− t+ 1

0 i > n− t+ 1

Suppose that we have observed the data set Y = (Y1, . . . , Ym), where m < n. A nec-
essary and sufficient condition for the existence of order statistics moments is introduced
in the following lemma.

Lemma 2.2. Let k be a non-negative number, Ym and Yt, m, t ∈ {1, . . . , n}, m < t be
order statistics from GEV with the extreme value index, γ > 0. Then E(Y k

t |y1, . . . , ym) is
finite if and only if t < n+ 1− kγ.

Proof. Using the Markov property of order statistics (Theorem 2.4.3 page 24, Arnold et
al. 1992), it is enough to show that E(|Yt|k|ym) < +∞. Now, we have

E(|Yt|k|ym) =
∫ +∞

0

P (|Yt|k > λ|ym)dλ

=

∫ ϵ

0

P (|Yt|k > λ|ym)dλ+

∫ +∞

ϵ

P (|Yt|k > λ|ym)dλ

= k

∫ ϵ1/k

0

uk−1P (|Yt| > u|ym)du

+ k

∫ +∞

ϵ1/k
uk−1P (|Yt| > u|ym)du (by the change of variable u = λ1/k),

where ϵ > 0. The first term is finite. Using (2.1) and Theorem 2.4.1 in [6], second term
is finite if and only if ∫ +∞

ϵ1/k
uk−1u−(n−t+1)/γdu < +∞,

which is finite if and only if t < n+ 1− γk.
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3 Prediction in Generalized Extreme Value distri-

bution

In this section, we described three methods for prediction of missed order statistics. Then,
in the subsequent subsections, the predictions are derived for Fréchet, Gumbel andWeibull
distribution.

Conditional Median Prediction (CMP) approach has been studied by several authors,
including [17, 16, 1]. We denote the CMP by Ŷt,CMP. We say that Ŷt,CMP is CMP of Yt if
the condition

P (Yt ≤ Ŷt,CMP|Y1, . . . , Ym) = P (Yt ≥ Ŷt,CMP|Y1, . . . , Ym)

is satisfied. The CMP can be computed as follows,

Ŷt,CMP = G−1
γ {Gγ(Ym) + med(V )(1−Gγ(Ym))}, (3.1)

where V ∼ Beta(t−m,n+ 1− t) and med(V ) represents the median of V .
The Conditional Average Prediction (CAP) of Yt has been studied by Razmkhah et

al. (2010) and Asgharzadeh et al. (2012). In Eq.(3.1), they use the average value instead
of median . The CAP is defined and computed as follows,

Ŷt,CAP = G−1
γ {

t−m
n−m+ 1

+
n− t+ 1

n−m+ 1
Gγ(ym))}. (3.2)

It is logical to consider E(Yt|y1, . . . , ym) as a predictor of Yt having observed y1, . . . , ym.
Let us recall that the conditional density function of yt given ym takes the following form

gγ(yt|ym) =
(1−Gγ(ym))

m−n

Beta(n1 + 1, n2 + 1)

(
Gγ(yt)−Gγ(ym)

)n1
(
1−Gγ(yt)

)n2

gγ(yt), (3.3)

for yt ≥ ym, where n1 = t−m− 1 , n2 = n− t.

By the change of variable V = Gγ(Yt)−Gγ(ym)

1−Gγ(ym)
and using (3.3), the Best Unbiased Predic-

tion (BUP) of t’th order statistic (t = m+ 1, . . . , n), if it exists, is defined and computed
as follows,

Ŷt = E(Yt|y1, . . . , ym)

= E
(
G−1
γ

(
Gγ(ym) + V (1−Gγ(ym)

))
(3.4)

where V ∼ Beta(n1 + 1, n2 + 1),

Ŷt,BUP =
(1−Gγ(ym))

m−n

Beta(n1 + 1, n2 + 1)

n1∑
i=0

n2∑
j=0

[(n1

i

)(
n2

j

)
(−1)n1+j−iGγ(ym)

n1−i (3.5)

∫ 1

Gγ(ym)

G−1
γ (u)ui+jdu

]
. (3.6)
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3.1 Prediction in Gumbel distribution

By applying the wellknown formula (1 + γx)1/γ → exp(x) as γ → 0, the Gumbel distri-
bution function obtained as follows

Gγ=0(x) = exp(−e−x), x ∈ R.

Using (3.4), the BUP of the tth order statistic is as follows,

Ŷt,BUP = ym − E(Log[1− eymLog[V (ee
−ym − 1) + 1]])

where V ∼ Beta(t−m,n+ 1− t).

Furthermore, using (3.5), the BUP of the tth order statistic are as follows,

Ŷt,BUP =
(1−G0(ym))

m−n

Beta(n1 + 1, n2 + 1)

n1∑
i=0

n2∑
j=0

(
n1

i

)(
n2

j

)
(−1)n1+j−i+1G0(ym)

n1−i

∫ 1

G0(ym)

Log
(
− Log(u)

)
ui+jdu

where the last part of above equation is

Exp(−ym − (i+ j + 1)e−e
−ym

)− γ0 − E1((i+ j + 1)e−e
−ym

)− Log(i+ j + 1))

1 + i+ j

where En(z) = −
∫∞
1

e−zt

tn
dt, gives the exponential integral function.

By Eq.(3.1), the CMP is computed as follows,

Ŷt,CMP = ym − Log
(
1− eymLog

(
ee

−ym t−m− 1
3

n−m+ 1
3

+
n− t+ 2

3

n−m+ 1
3

))
.

By Eq.(3.2), the CAP is defined and computed as follows,

Ŷt,CAP = ym − Log
(
1− eymLog

(
ee

−ym t−m
n−m+ 1

+
n− t+ 1

n−m+ 1

))
.

3.2 Prediction in Fréchet distribution

By applying the reparameterization α = 1/γ and the change of variable z = 1 + γx in
(1.1), if γ > 0, then the random variable Z follows a standard Fréchet distribution , and
its cdf is

Gα(z) = exp(−z−α), z ≥ 0, α > 0,

where α is the unknown shape parameter.
Using (3.5), the BUP of the tth order statistic are as follows,

Ŷt,BUP =
(1−Gα(ym))

m−n

Beta(t−m,n− t+ 1)

n1∑
i=0

n2∑
j=0

(
n1

i

)(
n2

j

)
(−1)n1−i+jGα(ym)

n1−i
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∫ 1

Gα(ym)

(
− Log(u)

)−1/α

ui+jdu

where the last part of above equation if α ∈ N is

(1 + i+ j)1/α−1Γ
(
1− 1/α

)
− E1/α

(
(1 + i+ j)y−αm

)
y−α+1
m

where En(z) = −
∫∞
1

e−zt

tn
dt.

By Eq.(3.1), the CMP is defined and computed as follows,

Ŷt,CMP =
(
y−αm − Log

( t−m− 1
3

n−m+ 1
3

ey
−α
m +

n− t+ 2
3

n−m+ 1
3

))−1/α

.

By Eq.(3.2), the CAP is defined and computed as follows,

Ŷt,CAP =
(
y−αm − Log

( t−m
n−m+ 1

ey
−α
m +

n− t+ 1

n−m+ 1

))−1/α

.

3.3 Prediction in Weibull distribution

By applying the reparameterization α = −1/γ and the change of variable z = −1− γx in
(1.1), if γ < 0, then the random variable Z follows a standard Weibull distribution and
its cdf is

Gα(x) = exp(−(−z)α), z ≤ 0, α > 0,

where α is the uknown shape parameter.
Using (3.5), the BUP interpolators of the tth order statistic are as follows,

Ŷt,BUP =
(1−G−α(ym))

m−n

Beta(t−m,n− t+ 1)

n1∑
i=0

n2∑
j=0

(
n1

i

)(
n2

j

)
(−1)n1+j−i+1G−α(ym)

n1−i

∫ 1

G−α(ym)

(
− Log(u)

)1/α
ui+jdu

where the last part of above equation if α ∈ N is

(1 + i+ j)−1/α−1
(
Γ(1 + a/α)− Γ(1 + a/α, (i+ j + 1)(−ym)α

)
where En(z) = −

∫∞
1

e−zt

tn
dt, where the principal value of the integral is taken.

By Eq.(3.1), the CMP is defined and computed as follows,

Ŷt,CMP = −
(
(−ym)α − Log

( t−m− 1
3

n−m+ 1
3

e(−ym)α +
n− t+ 2

3

n−m+ 1
3

))1/α
.

By Eq.(3.2), the CAP is defined and computed as follows,

Ŷt,CAP = −
(
(−ym)α − Log

( t−m
n−m+ 1

e(−ym)α +
n− t+ 1

n−m+ 1

))1/α
.
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4 Simulation Study

In this section, we examine the performance of three methods mentioned in section 3
through comprehensive simulation. We consider various settings for sample size n, the
number of available samples m, and the parameter γ. The sample sizes we consider are
n =10, 20, 50 and 100, with the corresponding values ofm = 7, 16, 45 and 90, respectively.
The values of γ = 0.25 and 0.5 for Fréchet distribution, while γ = −0.25 and −0.5 apply
to Weibull distribution. For each setting and distribution, we repeat the simulation 1000
times and calculate the mean and MSE of predictions. The results are presented in
tables 1, 2 and 4. The scatter-plots of predictions versus true observations are presented
in figures 1, 2 and 3, for Gumbel, Fréchet and Weibull distributions,respectively, where
n = 20 and m = 16. To conserve space and because of the similarity in the structure of
the graphs, we have not included them for other settings.

From the results, we observed that generally, the method BUP demonstrates better
performance in almost all settings. As we expected, the predictions improve when t is
closer to m.

Figure 1: Plots of predictions vs. observations for Gumbel distribution, n = 20,m = 16
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Table 1: Means and MSEs for Gumbel distribution

n = 10, m=7 n = 20, m=16 n = 50, m=45 n=100, m=90

Mean MSE Mean MSE Mean MSE Mean MSE

y8 1.276 y17 1.679 y46 2.364 y91 2.301

ŶBUP 1.277 0.133 1.672 0.077 2.373 0.189 2.303 0.026

ŶCMP 1.156 0.146 1.583 0.0862 2.287 0.054 2.267 0.012

ŶCAP 1.234 0.133 1.646 0.078 2.338 0.049 2.298 0.011
y9 1.824 y18 2.048 y47 2.657 y92 2.392

ŶBUP 1.824 0.399 2.033 0.198 2.638 0.132 2.397 0.102

ŶCMP 1.686 0.418 1.934 0.211 2.566 0.129 2.359 0.0249

ŶCAP 1.686 0.418 1.962 0.205 2.598 0.124 2.385 0.024
y10 2.940 y19 2.581 y48 3.007 y93 2.483

ŶBUP 2.897 1.495 2.544 0.472 2.993 0.252 2.460 0.205

ŶCMP 2.685 1.559 2.419 0.497 2.897 0.2446 2.436 0.049

ŶCAP 2.452 1.732 2.377 0.512 2.896 0.244 2.457 0.047
y20 3.631 y49 3.510 y94 2.643

ŶBUP 3.572 1.440 3.493 0.469 2.641 0.260

ŶCMP 3.367 1.507 3.378 0.477 2.586 0.065

ŶCAP 3.099 1.720 3.312 0.499 2.600 0.064
y50 4.479 y95 2.764

ŶBUP 4.493 1.636 2.754 0.324

ŶCMP 4.272 1.489 2.729 0.0836

ŶCAP 3.982 1.694 2.735 0.083
y96 2.960

ŶBUP 2.965 0.309

ŶCMP 2.917 0.136

ŶCAP 2.910 0.137
y97 3.240

ŶBUP 3.264 0.380

ŶCMP 3.193 0.185

ŶCAP 3.168 0.188
y98 3.639

ŶBUP 3.622 0.399

ŶCMP 3.558 0.272

ŶCAP 3.502 0.284
y99 4.096

ŶBUP 4.126 0.496

ŶCMP 4.047 0.474

ŶCAP 3.926 0.500
y100 4.954

ŶBUP 5.166 0.849

ŶCMP 4.977 0.792

ŶCAP 4.633 0.895
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Table 2: Means and MSEs for Fréchet distribution

n=10, m=7,γ = 0.25 n=10, m=7,γ = 0.5 n=20, m=16,γ = 0.25 n=20, m=16,γ = 0.5

Mean MSE Mean MSE Mean MSE Mean MSE

y8 1.395 y8 2.004 y17 1.526 y17 2.372

ŶBUP 1.393 0.021 1.996 0.222 1.532 0.011 2.389 0.125

ŶCMP 1.510 0.034 1.857 0.253 1.612 0.018 2.238 0.1424

ŶCAP 1.582 0.056 1.927 0.238 1.674 0.033 2.298 0.130
y9 1.634 y9 2.826 y18 1.681 y18 2.895

ŶBUP 1.615 0.107 2.740 2.373 1.683 0.038 2.907 0.531

ŶCMP 2.024 0.262 2.360 2.720 1.959 0.116 2.573 0.656

ŶCAP 2.024 0.262 2.360 2.720 1.987 0.132 2.600 0.640
y10 2.204 y10 5.800 y19 1.924 y19 3.860

ŶBUP 2.183 0.851 5.629 66.225 1.936 0.121 3.928 2.780

ŶCMP 2.981 1.471 3.307 73.941 2.457 0.407 3.0597 3.507

ŶCAP 2.751 1.167 3.079 75.127 2.416 0.364 3.0195 3.573
y20 2.571 y20 7.687

ŶBUP 2.598 1.031 7.958 88.574

ŶCMP 3.400 1.718 3.991 102.649

ŶCAP 3.132 1.347 3.726 104.68

Figure 2: Plots of predictions vs. observations for Fréchet distribution, n = 20,m = 16
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Table 3: Means and MSEs for Fréchet distribution

n=50, m=45,γ = 0.25 n=50, m=45,γ = 0.5 n=100, m=90,γ = 0.25 n=100, m=90,γ = 0.5

Mean MSE Mean MSE Mean MSE Mean MSE

y46 3.352 y46 1.817 y91 1.781 y91 3.128

ŶBUP 3.355 0.140 1.818 0.009 1.799 0.045 3.119 0.115

ŶCMP 3.140 0.190 1.868 0.012 1.806 0.003 3.028 0.044

ŶCAP 3.191 0.171 1.920 0.020 1.837 0.006 3.058 0.039
y47 3.843 y47 1.942 y92 1.820 y92 3.200

ŶBUP 3.855 0.495 1.944 0.027 1.817 0.078 3.206 0.289

ŶCMP 3.387 0.729 2.126 0.062 1.911 0.014 3.037 0.104

ŶCAP 3.419 0.702 2.159 0.075 1.937 0.020 3.062 0.096
y48 4.611 y48 2.118 y93 1.865 y93 3.328

ŶBUP 4.650 1.756 2.127 0.074 1.863 0.173 3.343 0.443

ŶCMP 3.711 2.651 2.462 0.194 2.028 0.037 3.089 0.197

ŶCAP 3.711 2.651 2.462 0.194 2.049 0.045 3.109 0.187
y49 6.029 y49 2.404 y94 1.919 y94 3.491

ŶBUP 6.233 6.539 2.437 0.193 1.923 0.239 3.491 0.599

ŶCMP 4.187 10.137 2.948 0.492 2.166 0.077 3.174 0.308

ŶCAP 4.122 10.381 2.882 0.424 2.180 0.084 3.188 0.300
y50 12.096 y50 3.179 y95 1.996 y95 3.762

ŶBUP 12.529 643.362 3.257 1.902 1.986 0.258 3.835 0.732

ŶCMP 5.109 692.509 3.881 2.403 2.330 0.137 3.315 0.515

ŶCAP 4.820 696.628 3.589 2.079 2.336 0.141 3.321 0.510
y96 2.105 y96 4.159

ŶBUP 2.115 0.275 4.218 0.748

ŶCMP 2.534 0.224 3.518 0.934

ŶCAP 2.528 0.219 3.512 0.943
y97 2.259 y97 4.755

ŶBUP 2.281 0.269 4.947 0.957

ŶCMP 2.791 0.358 3.796 1.843

ŶCAP 2.766 0.332 3.771 1.892
y89 2.483 y98 5.696

ŶBUP 2.515 0.269 6.026 1.209

ŶCMP 3.131 0.563 4.170 3.793

ŶCAP 3.075 0.493 4.114 3.966
y99 2.840 y99 7.967

ŶBUP 2.870 0.336 8.301 1.302

ŶCMP 3.620 0.891 4.724 13.502

ŶCAP 3.499 0.716 4.604 14.297
y100 3.535 y100 17.124

ŶBUP 3.844 0.853 17.257 1.389

ŶCMP 4.556 1.793 5.758 136.514

ŶCAP 4.211 1.208 5.414 144.443
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Table 4: Means and MSEs for Weibull distribution

n=10, m=7,γ = −0.25 n=10, m=7,γ = −0.5 n=20, m=16,γ = −0.25 n=20, m=16,γ = −0.5

Mean MSE Mean MSE Mean MSE Mean MSE

y8 -0.5561 y8 -0.7385 y17 -0.6661 y17 -0.4507

ŶBUP -0.5535 0.0081 -0.7363 0.0038 -0.6685 0.0019 -0.4538 0.0034

ŶCMP -0.5785 0.0087 -0.7556 0.0041 -0.6820 0.0022 -0.4705 0.0038

ŶCAP -0.5563 0.0081 -0.7410 0.0038 -0.6713 0.0020 -0.4558 0.0034
y9 -0.4424 y9 -0.6537 y18 -0.6078 y18 -0.3774

ŶBUP -0.4303 0.0147 -0.6451 0.0091 -0.6124 0.0042 -0.3835 0.0059

ŶCMP -0.4399 0.0146 -0.6595 0.0091 -0.6243 0.0044 -0.3940 0.0061

ŶCAP -0.4399 0.0146 -0.6595 0.0091 -0.6200 0.0043 -0.3886 0.0060
y10 -0.2881 y10 -0.5159 y19 -0.5329 y19 -0.2947

ŶBUP -0.2794 0.0203 -0.5093 0.0189 -0.5411 0.0080 -0.3026 0.0086

ŶCMP -0.2691 0.0207 -0.5161 0.0188 -0.5506 0.0082 -0.3062 0.0087

ŶCAP -0.3025 0.0204 -0.5471 0.0198 -0.5563 0.0085 -0.3127 0.0089
y20 -0.4229 y20 -0.1936

ŶBUP -0.4298 0.0127 -0.1992 0.0091

ŶCMP -0.4345 0.0128 -0.1906 0.0090

ŶCAP -0.4647 0.0143 -0.2180 0.0096

Figure 3: Plots of predictions vs. observations for Weibull distribution, n = 20,m = 16
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Table 5: Means and MSEs for Weibull distribution

n=50, m=45,γ = −0.25 n=50, m=45,γ = −0.5 n=100, m=90,γ = −0.25 n=100, m=90,γ = −0.5

Mean MSE Mean MSE Mean MSE Mean MSE

y46 -0.560 y46 -0.318 y91 -0.564 y91 -0.314

ŶBUP -0.561 0.001 -0.312 0.006 -0.563 0.002 -0.314 0.001

ŶCMP -0.570 0.001 -0.329 0.001 -0.569 -0.319

ŶCAP -0.563 0.001 -0.320 0.001 -0.565 -0.315
y47 -0.526 y47 -0.282 y92 -0.548 y92 -0.299

ŶBUP -0.527 0.004 -0.309 0.078 -0.548 0.006 -0.293 0.019

ŶCMP -0.535 0.002 -0.289 0.002 -0.553 0.001 -0.302

ŶCAP -0.531 0.002 -0.285 0.002 -0.550 -0.298
y48 -0.487 y48 -0.243 y93 -0.533 y93 -0.282

ŶBUP -0.485 0.007 -0.194 0.142 -0.535 0.023 -0.297 0.037

ŶCMP -0.493 0.003 -0.245 0.003 -0.536 0.001 -0.284 0.001

ŶCAP -0.493 0.003 -0.245 0.003 -0.534 0.001 -0.281 0.001
y49 -0.429 y49 -0.192 y94 -0.515 y94 -0.264

ŶBUP -0.430 0.007 -0.216 0.069 -0.509 0.041 -0.243 0.036

ŶCMP -0.437 0.005 -0.193 0.004 -0.518 0.001 -0.265 0.001

ŶCAP -0.444 0.006 -0.199 0.004 -0.516 0.001 -0.263 0.001
y50 -0.343 y50 -0.128 y95 -0.494 y95 -0.245

ŶBUP -0.343 0.009 -0.121 0.008 -0.501 0.035 -0.256 0.042

ŶCMP -0.346 0.009 -0.121 0.004 -0.497 0.001 -0.244 0.001

ŶCAP -0.372 0.009 -0.140 0.004 -0.496 0.001 -0.244 0.001
y96 -0.469 y96 -0.222

ŶBUP -0.465 0.036 -0.196 0.033

ŶCMP -0.472 0.002 -0.221 0.001

ŶCAP -0.473 0.002 -0.222 0.001
y97 -0.441 y97 -0.196

ŶBUP -0.440 0.034 -0.204 0.036

ŶCMP -0.444 0.002 -0.195 0.002

ŶCAP -0.447 0.002 -0.197 0.002
y98 -0.405 y98 -0.167

ŶBUP -0.399 0.029 -0.150 0.017

ŶCMP -0.409 0.003 -0.165 0.002

ŶCAP -0.415 0.003 -0.170 0.002
y99 -0.356 y99 -0.132

ŶBUP -0.355 0.013 -0.132 0.017

ŶCMP -0.363 0.004 -0.130 0.002

ŶCAP -0.374 0.005 -0.138 0.002
y100 -0.284 y100 -0.087

ŶBUP -0.287 0.010 -0.087 0.002

ŶCMP -0.288 0.007 -0.082 0.002

ŶCAP -0.314 0.007 -0.097 0.002
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Abstract

In this paper we consider the problem of hypothesis testing the equality of two
distribution function against the distribution functions are ordered with respect to
usual stochastic order and the hazard rate order. The proposed statistical test is
based on the linear combination of ordered rank statistics. The exact null and al-
ternative distributions of the proposed test statistics are derived and are then used
to generate the critical value.

Keywords: Non-parametric test, Stochastic ordering, Rank statistic, PHR model,
Order statistics

1 Introduction

In the reliability context, it is often of interest to compare two populations and there are
many non-parametric tests for comparing two populations based on complete independent
random samples. In reliability studies, one may be interested in inferring the lifetimes of
the two coherent system whither the components of a system A have the longer lifetime
that those of the system B. Therefore, the non-parametric tests often very important to
be used in testing two samples observed lifetime data are coming from a known statistical
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model against a stochastically ordered alternative. In this paper we propose a new non-
parametric test based on the linear ordered rank statistics.

Let X1, . . . , Xm and Y1, . . . , Yn be two random samples from unknown continuous dis-
tribution functions F and G, with sizes m and n, respectively. Moreover, we also assume
that Xi’s, i = 1, . . . ,m and Yj’s, j = 1, . . . , n are mutually stochastically independent and
X1:m ≤ . . . ≤ Xm:m and Y1:n ≤ . . . ≤ Yn:n are the corresponding order statistics. Baner-
jee [2] based on empirical distribution function obtained a new goodness of fit test for a
one-sample and two-sample problem under the alternative hypothesis of usual stochastic
ordering. In this paper, we extend the results in Banerjee [2] for the case of two sample
problem based on the linear combination of the ordered rank statistics under the alterna-
tive hypothesis of the hazard rate order and we derive the exact distribution of proposed
test statistic under H0 and H1, where

H0 : F (x) = G(x) versus H1 : F (x) = G
θ
(x),

and θ > 1 is a positive real number.
Davidov [3] consider a family of simple rank statistics as

∑n
i=1Ψ(Ri) for various choices

of the function Ψ and proposed some test statistics by the stochastic ordering of the
ranks. One may be defined a generic form of this type of test statistics as the form
A =

∑n
i=1 αiΨ(Ri), where α1, . . . , αn are some real numbers (weights) which may the

statistical properties of it also be of independent interest. We may conjecture that the test
statistics as the form A more powerful than the existing test statistics of this type in the
literature, such as Wilcoxons rank sum statistic, van der Waerden’s statistic and Gibbon’s
statistics (see [1]). Therefore, it will be of interesting to examine whether this conjecture
is true, on the other word whether the test statistic A will result in a more powerful test.
Motivated by this, suppose that Ψ(Ri) = Ri:m, i = 1, . . . ,m. We consider the new test
statistic as the form An,m =

∑m
i=1 αiRi:m, where Ri:m = Rank(Xi:m) =

∑m+n
j=1 I(Xi:m−Zj)

will be called the rank ofXi:m in the combined increasing arrangement ofXi’s, i = 1, . . . ,m
and Yj’s, j = 1, . . . , n, where Z1, . . . , Zn+m be the random variables in the combined
sample and I(A) is an indicator function assuming the value 1 if A ≥ 0 and 0 otherwise.
We derive the exact distribution of the null and alternative hypothesises of An,m and
provide the critical values for different sample sizes.

2 The test statistic

In this section we construct the non-parametric test statistic. This investigation will
be based on the empirical distributions. Let X1, . . . , Xm and Y1, . . . , Yn be independent
random samples from the distributions F and G, respectively. The empirical distribution
functions of F and G denote by Fm and Gn, respectively, and are defined by

Fm(x) =
1

m

m∑
i=1

I(x−Xi) and Gn(x) =
1

n

n∑
i=1

I(x− Yi).

Denote by An,m for the estimated of below the (Fm, Gn) curve in the unit square. To
construct the test statistic, we use the Simpsons one-third rule to compute An,m. Based
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on An,m we define the measure of deviation from H0 to H1 by

An,m =
m∑
i=1

αiGn

(
F−1
m

(
i

m

))
, (2.1)

where the coefficients are α1 = 1
3m

, αi = 2
3m

, for i = 2, 4, . . . ,m − 2, αi = 4
3m

, i =
3, 5, . . . ,m − 1 and αm = 1

3m
. Notice that under H0, An,m will be identical with the

X = Y line in the unit box and An,m = 1
m

∑m
i=1 iαi. Under H1, An,m ≥ K for a large

value K > 0. Note that, Fm(Xi:m) =
1
m

∑m
i=1 I(Xi:m −Xi) =

i
m
, hence, F−1

m

(
i
m

)
= Xi:m.

Therefore, (2.1) can be rewritten as

An,m =
m∑
i=1

αiGn (Xi:m) .

It is easy to see that

Gn (Xi:m) =
{number of random variables in the sample ≤ Xi:m}

n

=
{rank of Xi:m} − i

n

=
Ri:m − i

n
, (2.2)

from (2.2), An,m can be rewritten as

An,m =
1

n

m∑
i=1

αiRi:m −
1

n

m∑
i=1

iαi (2.3)

=
1

n

m∑
i=1

αiRi:m −
m

n
EH0 (An,m) .

To obtain the exact distribution of the test statistics An,m under the null hypothesis
and alternative hypothesis, we first try to propose a new convenient form of An,m. It is
worth noting that Ri:m (the rank of Xi:m) is equivalent to saying that it is the number
of Zj’s, j = 1, . . . ,m + n less that Xi:m in the combined sample. Therefore, from this
observation we have the following proposition to derive a generic expression of An,m.

Proposition 2.1. Let X1, . . . , Xm and Y1, . . . , Yn be independent random samples from
two absolutely continuous distribution functions F and G, respectively. Suppose that Rj:m

is the rank of Xj:m in the combined increasing arrangement of Xi’s, i = 1, . . . ,m and
Yj’s, j = 1, . . . , n. Then

Rj:m =

j∑
r=1

Cr + j

where Cr =
∑n

i=1 [I(Xr:m − Yi)− I(Yi −Xr−1:m)], r = 2, . . . ,m is the number of Yi’s in
(Xr−1:m, Xr:m] and C1 =

∑n
i=1 I(X1:m − Yi) is the number of Yi’s less than X1:m.
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3 Exact distribution of An,m under the hypothesis

In this section the exact and asymptotic distribution of the proposed test statistic under
the null and alternative hypothesis will be derived. The exact distribution has been
established through the use of beta distribution.

In order to evaluate the distribution of An,m under the null hypothesis, we consider
two independent random samples of different size that the distribution functions F and
G of the samples X1, . . . , Xm and Y1, . . . , Yn are equal. First, we will derive the joint
probability mass function of random variables S1, . . . , Sm.

Theorem 3.1. The joint distribution of S1, . . . , Sm, under the null hypothesis, is given
by

PH0(S1 = s1, . . . , Sm = sm) = m!
m−1∏
i=1

B (si + i, si+1 − si + 1)B(sm +m,m− sm + 1)

Note that to decide to reject the null hypothesis for large values of Am,n and the level
of significant α, or, equivalently, to calculate the p-value of the observed value of Am,n,
from Theorem 3.2, the critical value K can be obtained as the following

PH0(Am,n > K) =
∑

{
(s1,...,sm)

α1s1+...+αmsm>nK

}PH0(S1 = s1, . . . , Sm = sm)

=
∑

{
(s1,...,sm)

α1s1+...+αmsm>nK

}m!
m−1∏
i=1

B (si + i, si+1 − si + 1)

×B(sm +m,m− sm + 1).

Next, we study the power of the proposed test. It worth mentioned here that in
general, the power of a test is the probability of rejecting the null hypothesis when it is
false and usually expressed as 1−β, where β is the Type II error and is the probability of
accepting the null hypothesis when the alternative hypothesis is true. Likewise Theorem
3.2, the following theorem provides the joint probability mass function of random variables
S1, . . . , Sm under H1.

Theorem 3.2. The joint distribution of S1, . . . , Sm, under the alternative hypothesis, is

given by PH1(S1 = s1, . . . , Sm = sm) = m!θm
∑θ−1

k1=0 . . .
∑θ−1

km−1=0

{
(−1)

∑m−1
r=1 kr

∏m−1
r=1

(
θ−1
kr

)
×
∏m−1

r=1 B(sr +
∑j

r=1 kr + r, sr − sr−1 + 1)
×B(sm +

∑m−1
r=1 kr +m,m+ θ − sm)

}
.

This work presents the new test statistic for equality of two distribution, the results
of the present work are not yet complete and we are currently working on this problem
and try to generate critical values and the corresponding exact levels of significance and
hope to update the present work by new findings.
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Abstract

This paper investigates an (n−k+1)-out-of-n system exposed to shocks arriving
via a counting process, with each shock potentially causing component failures. A
system begins operation at time t = 0, and a preventive maintenance (PM) is sched-
uled for time Tp. The system is inspected at a time Ts before Tp. We implement a
preponed PM strategy, where the decision to perform maintenance at a scheduled
time depends on the observed number of failed components at Ts. If the number
of failures exceeds a certain threshold, the PM is performed at Ts; otherwise, it is
performed at the scheduled time Tp. For this PM policy, the average cost per unit
time is calculated, and the optimal decision parameters that minimize this average
cost are determined. Numerical examples demonstrate the applicability and effec-
tiveness of the proposed maintenance strategy.
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1 Introduction

Reliability engineering strives to maintain technical systems at their optimal working con-
ditions to ensure they perform reliably throughout their expected lifespan. One of the
standard maintenance techniques is age-based maintenance, which analyzes failure time
data based on a set overhaul schedule on calendar time. Age-based maintenance encom-
passes emergency repair (ER) and preventive maintenance (PM). ER involves unplanned
interventions to rectify system failures, demanding skilled specialists and an immediate
supply of spare parts. In contrast, PM is a scheduled maintenance technique aimed at
averting catastrophic breakdowns, albeit interrupting production and incurring additional
expenses. In recent years, many authors have investigated the PM of systems under dif-
ferent scenarios. For example, [5, 6, 8, 7] studied the PM models for the complex systems
subject to shocks.

In a recent work, Finkelstein et al. [4] considered a single-unit system that is inspected
at a predetermined time, and based on the state of the system, it is decided whether to
perform PM at that time or postpone it to another time. Asadi [1] explored the postponed
PM policy for complex systems. Ashrafi and Asadi [3] studied the postponed PM policy
for complex systems where the inspection time is random.

In engineering and industrial applications, systems often face external or internal
shocks and vibrations, which can significantly impair their performance. Minimising these
effects is crucial for maintaining system safety and reliability. However, the unpredictable
nature of shock events creates substantial challenges for engineers and reliability ana-
lysts. Shock models are essential tools for evaluating the physical effects of damage on
engineered systems. These models incorporate key parameters, including shock ampli-
tude, frequency, and duration, enabling engineers to simulate and analyze their effects on
system components. By measuring these factors, potential failure modes can be recog-
nised, aiding in the creation of more resilient designs. Recently, Asadi [2] investigated
the postponement of PM policy for systems that are subject to shocks, and as a result of
each shock, exactly one component fails. In this study, we examine an (n − k + 1)-out-
of-n system affected by shocks arriving via a counting process, with some components
potentially failing after each shock. The system begins operation at time t = 0, and a
PM is scheduled for time Tp. We propose a preponed PM policy in which the system is
inspected at time Ts. If the number of failed components at Ts is equal to or exceeds a
critical value m (m ∈ {1, . . . , k}), the PM action is performed at Ts, unless it is carried
out at the scheduled time TP . Additionally, if the system fails before Ts, an emergency
repair is conducted. By considering the related costs for PM action, ER action, and the
cost of renewing the failed components, we obtain the mean cost function as a function of
(m,Ts, Tp). The aim is to obtain the optimal parameters that minimize the mean cost per
unit of time. To illustrate the application of the proposed model, a numerical example is
provided.
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2 System Description

In this paper, we consider an (n−k+1)-out-of-n system that is subject to shocks arriving
according to a counting process {ξ(t), t > 0}. Assume that, as a result of each shock,
some of the components may fail. Let Wi denote the number of failed components at the
occurrence time of ith shock. It can be seen that the reliability function of this system is
obtained as

P (T > t) = P (N(t) < k) =
∞∑
i=0

Gi(k − 1)P (ξ(t) = i)

where Gi denotes the distribution function of
∑i

r=1Wr (See [9] for any details). In this
paper, we assume that at the time of the first shock occurrence, each component may fail
with probability p1. Additionally, if a component is not failed by the first shock, it may
fail with probability p2 at the time of the second shock; similarly, if it is not failed by
the first (r − 1) shocks, it may fail with probability pr at the time of the rth shock. Let
qr = 1−pr and Er, r = 1, 2, . . . denote the event that a component fails at the occurrence
of the rth shock. Under this assumption, the probability that a component fails before
or at the ith shock is

P (∪ir=1Er) = P (E1) + P (E2) + · · ·+ P (Ei)

= P (E1) + P (E2|E ′
1)P (E

′
1) + · · ·+ P (Ei| ∩i−1

r=1 E
′
r)p(∩i−1

r=1E
′
r)

= p1 + p2q1 + · · ·+ pr(
i−1∏
r=1

qr) = 1−
i∏

r=1

qr

Also, the probability that one component fail between (i+ 1)th shock and jth shock is

P (∪jr=i+1Er) = P (Ei+1) + · · ·+ P (Ej)

= P (Ei+1| ∩ir=1 E
′
r)P (∩ir=1E

′
r) + · · ·+ P (Ej| ∩j−1

r=1 E
′
r)p(∩

j−1
r=1E

′
r)

= pi+1(
i∏

r=1

qr) + · · ·+ pj(

j−1∏
r=1

qr) =
i∏

r=1

qr −
j∏
r=1

qr.

Therefore, the probability that one component fails after the jth shock is
∏j

r=1 qi. Then,

the number of failed components until ith shock, i.e.,
∑i

r=1Wi, has binomial distribution

with parameters (n, 1 −
∏i

r=1 qr) and (
∑i

r=1Wi,
∑j

r=i+1Wr) has trinomial distribution

with parameters (n, 1 −
∏i

r=1 qr,
∏i

r=1 qr −
∏j

r=1 qr). Hence, the joint distribution of

(
∑i

r=1Wr,
∑j

r=i+1Wr) can be written as

P

(
i∑

r=1

Wr = s1,

j∑
r=i+1

Wr = s2

)

=
n!

s1!(s2)!(n− s1 − s2)!
(1−

i∏
r=1

qr)
s1(

i∏
r=1

qr −
j∏
r=1

qr)
s2(

j∏
r=1

qr)
n−s1−s2
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where s1, s2 = 0, . . . , n. Also, it can be seen that

P

(
i∑

r=1

Wr = s

)
=

n!

s!(n− s)!
(1−

i∏
r=1

qi)
s(

i∏
r=1

qr)
n−s

3 PM Model

We investigate a preponed preventive maintenance strategy for this system as follows.
We assume that the system begins operating at time t = 0, and a PM time is scheduled
at Tp. The system is inspected at time Ts, Ts < Tp. If the number of failed components
at Ts is equal to or more than a critical value m (m ∈ {1, . . . , k}), the PM action is
performed at Ts. Otherwise, the PM is carried out at time TP . Also, if the system fails
before Ts, an emergency repair is performed on the system. Assume that at failure time
of the system, or time Ts with the number of failed components equal or more than m, or
at time TP , whichever comes first and is considered as the renewal time of the system the
failed components are replaced with new ones which imposes the cost c0, the non-failed
components are repaired with cost c1 (c1 < c0) to become the same as a new component.
Additionally, the cost cPM is considered for preventive maintenance on the system, and
the cost cER is considered for emergency repair action (cPM << cER). To calculate the
system’s cost function, we need to determine the average number of failed components at
the moment of system failure. Since more than one component can fail due to each shock,
the total number of failed components at the system’s failure may exceed k. Consider
an (n−k+1)-out-of-n system. IfM(k, n) denotes the mean number of failed components
at the failure time of the system, then

M(k, n) =

∑n−1
l=k l

(
n
l

)
B(n− l)

(∑k−1
r=1

(
l
r

)
B(r) + 1

)
+ n

∑k−1
r=1

(
n
r

)
B(r) + n

B(n)

where

B(r) =
r∑
j=1

j∑
i=0

(
j

i

)
(−1)i(j − i)r

Proof. First, note that the total number of ways in which n components can fail across
different shocks, with at least one component failing in each shock, is

B(n) ≡
n∑
j=1

j∑
i=0

(
j

i

)
(−1)i(j − i)n. (3.1)

See Lemma 1 of Zarezadeh et al. (2016) for details. Below, we calculate the number of
ways the components can fail such that the total failed components at the system’s failure
time is l, with k ≤ l ≤ n. First, assume that l < n. We select l components from the
total of n components in

(
n
l

)
possible ways. In this scenario, two cases may occur:
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(I) The first is that all l components fail in one shock and the remaining (n− l) com-
ponents fails in different shocks. The number of ways of component failures in this
case is

(
n
l

)
B(n− l).

(II) The second case is that r components (r = 1, . . . , k−1) fail in different shocks, (l−r)
remaining components fail in one shock and the remaining (n− l) components can
fail in different shocks. In this case, the number of ways of component failures is(

n

l

) k−1∑
r=1

(
l

r

)
B(r) ∗B(n− l)

Therefore, for l < n, the total number of ways of component failures in which l components
can fail in different shocks, such that in each shock at least one component fails, is(

n

l

)
B(n− l) +

(
n

l

) k−1∑
r=1

(
l

r

)
B(r) ∗B(n− l)

Now, suppose that l = n, meaning all components fail at the system’s failure time. Using
the same reasoning as above, the number of ways components can fail such that the
number of failed components at the system’s failure time is n, is (

∑k−1
r=1

(
l
r

)
B(r) + 1).

Hence, the mean number of failed components at the failure time of the system (M(k, n))
can be obtained as

M(k, n) =

∑n−1
l=k l

(
n
l

)
B(n− l)

(∑k−1
r=1

(
l
r

)
B(r) + 1

)
+ (n

∑k−1
r=1

(
l
r

)
B(r) + n)

B(n)

This completes the proof of the Lemma.

In the proposed PM policy, the following cases may happen:

(I) The system fails before inspection time Ts. In this case, the mean cost function can
be achieved as

C1(Ts) =(M(k, n)c0 + (n−M(k, n))c1 + cER)P (T < Ts)

and the mean length of one renewal cycle is obtained as

L1(Ts) = P (T < Ts)E(T |T < Ts) = TsP (T < Ts)−
∫ Ts

0

P (T < t)dt

where

P (T < Ts) = 1− P (N(Ts) < k) = 1−
∞∑
i=0

P (
i∑

j=0

Wj ≤ k − 1)P (ξ(Ts) = i)

Under the assumption that shocks arrive according to the nonhomogeneous Poisson
process (NHPP) with mean value function (m.v.f.) Λ(t), we have

P (T < Ts) = 1−
∞∑
i=0

(Λ(Ts))
i exp(−Λ(Ts))
i!

k−1∑
j=0

n!

j!(n− j)!
(1−

i∏
r=1

qr)
j(

i∏
r=1

qr)
n−j
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(II) The system works at time Ts and the number of failed components at Ts is more
than or equal to m. In this case, the mean cost function can be obtained as

C2(m,Ts) =
k−1∑
l=m

(lc0 + (n− l)c1 + cPM)P (N(Ts) = l)

and the mean length of one renewal cycle is obtained as

L2(m,Ts) = TsP (T > Ts, N(Ts) ≥ m) = Ts

k−1∑
l=m

P (N(Ts) = l)

where

P (N(Ts) = l) =
∞∑
i=0

P (
i∑

r=0

Wr = l)P (ξ(Ts) = i)

Under the assumption that shocks arrive according to the NHPP with m.v.f. Λ(t),
it can be seen that

P (N(Ts) = l) =
∞∑
i=0

(Λ(Ts))
i exp(−Λ(Ts))
i!

n!

l!(n− l)!
(1−

i∏
r=1

qr)
l(

i∏
r=1

qr)
n−l

(III) The number of failed components at Ts is less than m and the system fails before
TP . In this case, the mean cost function can be obtained as

C3(m,Ts, Tp) =(M(k, n)c0 + (n−M(k, n))c1 + cER)P (N(Ts) < m,T < Tp)

and the mean length of one renewal cycle is obtained as

L3(m,Ts, Tp) = E(T |N(Ts) < m,T < Tp)P (N(Ts) < m,T < Tp)

= TpP (N(Ts) < m,T < Tp)−
∫ Tp

Ts

P (N(Ts) < m,T < t)dt

where

P (N(Ts) < m,T < Tp)

= P (N(Ts) < m)− P (N(Ts) < m,T > Tp)

= P (N(Ts) < m)− P (N(Ts) < m,N(Tp) < k)

=
∞∑
i=0

P (
i∑

j=0

Wj ≤ m− 1)P (ξ(Ts) = i)

−
∞∑
i=0

∞∑
j=i

P (
i∑

r=0

Wr ≤ m− 1,

j∑
r=0

Wr ≤ k − 1)P (ξ(Ts) = i, ξ(Tp) = j)
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Under the assumption that shocks arrive according to the NHPP with m.v.f. Λ(t),
it can be seen that

P (N(Ts) < m,T < Tp)

=
∞∑
i=0

(Λ(Ts))
i exp(−Λ(Ts))
i!

m−1∑
j=0

n!

j!(n− j)!
(1−

i∏
r=1

qr)
j(

i∏
r=1

qr)
n−j

−
∞∑
i=0

∞∑
j=i

(Λ(Ts))
i(Λ(Tp)− Λ(Ts))

j−i exp(−Λ(Tp))
i!(j − i)!

(
m−1∑
s1=0

k−1∑
s2=s1

n!

s1!(s2 − s1)!(n− s2)!
(1−

i∏
r=1

qr)
s1(

i∏
r=1

qr −
j∏
r=1

qr)
s2−s1(

j∏
r=1

qr)
n−s2)

(V) The number of failed components at Ts is less than m and the system works at TP .
In this case, the mean cost function can be obtained as

C4(m,Ts, Tp)

=
k−1∑
l=0

(lc0 + (n− l)c1 + cPM)P (N(Ts) < m,N(Tp) = l)

=
k−1∑
l=0

(lc0 + (n− l)c1 + cPM)
∞∑
i=0

∞∑
j=i

P (
i∑

r=1

Wr ≤ m− 1,

j∑
r=1

Wr = l)

× P (ξ(Ts) = i, ξ(Tp) = j)

and the mean length of one renewal cycle is obtained as

L4(m,Ts, Tp) = Tp

k−1∑
l=0

P (N(Ts) < m,N(Tp) = l)

where

P (N(Ts) < m,N(Tp) = l)

=
∞∑
i=0

∞∑
j=i

P (
i∑

r=0

Wr ≤ m− 1,

j∑
r=0

Wr = l)P (ξ(Ts) = i, ξ(Tp) = j)

Under the assumption that shocks arrive according to the NHPP with m.v.f. Λ(t),
it can be seen that

P (N(Ts) < m,N(Tp) = l)

=
∞∑
i=0

∞∑
j=i

(Λ(Ts))
i(Λ(Tp)− Λ(Ts))

j−i exp(−Λ(Tp))
i!(j − i)!

(

min{m−1,l}∑
s=0

n!

s!(l − s)!(n− l)!
(1−

i∏
r=1

qr)
s(

i∏
r=1

qr −
j∏
r=1

qr)
l−s(

j∏
r=1

qr)
n−l)
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Therefore, the mean cost per unit of time can be obtained as

ζ(m,Ts, Tp) =
C(m,Ts, Tp)

L(m,Ts, Tp)

where

C(m,Ts, Tp) = C1(Ts) + C2(m,Ts) + C3(m,Ts, Tp) + C4(m,Ts, Tp)

and

L(m,Ts, Tp) = L1(Ts) + L2(m,Ts) + L3(m,Ts, Tp) + L4(m,Ts, Tp)

The aim is to obtain m∗, and T ∗
p that minimize the mean cost per unit of time.

4 Numerical Results

We consider a 2-out-of-5 system that is subject to shocks, where, as a result of each shock,
some components may fail. We assume that shocks arrive according to the NHPP with
m.v.f. Λ(t) = t2

100
. Further, we assume that qi = 0.9, i = 1, . . . , 5. This means that

the probability of each component failing due to the shocks is 0.1. Consider the cost
parametrs c0 = 2, c1 = 0.5, cPM = 5 and cER = 20. In Table 1, the optimal values T ∗

p

and related optimum costs ζ(m,Ts, T
∗
p ) are given for different values of Ts = 10, 15, 20, 25

and m = 1, 2, 3, 4. It can be concluded from the results of the table that:

• For each fixed Ts, the optimal time to perform PM, T ∗
p , decreases as m increases,

indicating that increasing m results in a decrease in T ∗
p .

• For each fixed m = 1, 2, 3, when the inspection time Ts increases, the optimal PM
time T ∗

p also increases and for m = 4, the optimal PM time T ∗
p is fixed and does not

depend on the inspection time Ts.

• For Ts = 10, 15, the mean cost per unit of time, ζ(m, 10, T ∗
p ), reaches its minimum

at m = 3, and for Ts = 20, 25, it reaches its minimum at m = 2.

Table 1: The optimal values of T ∗
PM and related optimum costs for selected Ts.

Ts = 10 Ts = 15

m T ∗
p ζ(m, 10, T ∗

p ) T ∗
p ζ(m, 15, T ∗

p )

1 23.24278 0.59077 24.50609 0.57185
2 22.12057 0.56033 23.13513 0.54948
3 21.60003 0.55738 22.07028 0.54909
4 21.48830 0.56105 21.48830 0.56105

Ts = 20 Ts = 25

m T ∗
p ζ(m, 20, T ∗

p ) T ∗
p ζ(m, 25, T ∗

p )

1 26.45269 0.55415 29.52992 0.57232
2 25.13218 0.54506 28.34077 0.56936
3 23.61553 0.54662 26.70812 0.57054
4 21.48830 0.56105 21.48830 0.56105
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The plots of the average cost function ζ(m,Ts, Tp) as a function of Tp for Ts = 15, and
various values of m is presented in Figure 1: The case m = 1 in shown in the upper-left
plot, m = 2 is depicted in the upper-right plot, m = 3 in the lower-left plot, and the case
of m = 4 is shown in the lower-right plot. It is evident from the plots that the optimal
time T ∗

p is a decreasing function of m under the given cost parameters when Ts = 15.
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Figure 1: The plots of the average cost function ζ(m,Ts, Tp) as a function of Tp for Ts = 15,
and various values of m: m = 1 (the upper-left), m = 2 (the upper-right), m = 3 (the
lower-left), and m = 4 (the lower-right).
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Abstract

This paper presents an examination of repair alert models for analyzing discrete
lifetimes coming from maintenance programs. The study considers the negative
binomial distribution for component lifetimes. Furthermore, we address the chal-
lenges associated with parameter estimation for the negative binomial distribution
and compute some approximate confidence intervals for the selected distribution
based on the Akaike Information Criterion. Findings are illustrated by analyzing a
real dataset.
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1 Introduction

Reliability is a fundamental concept in engineering, statistics, and system management,
defined as the probability that a system, product, or process will perform its intended
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function under specified conditions over a defined period. In simpler terms, reliability
indicates a system’s capability to operate effectively without failure or defects. A crucial
aspect of reliability is Reliability-Centered Maintenance (RCM), which is a systematic
approach focused on ensuring the reliability and functionality of equipment and systems
throughout their life cycle. The primary objective of RCM is to identify the most effective
maintenance strategies that can prevent failures and minimize downtime while optimizing
costs. Consider a system that begins operating at time zero. It may either fail at a
random time X or be replaced by a new one at a random time Z, which may occur first.
Typically, it is assumed that X and Z are independent. This policy is referred to as
random age replacement maintenance; see, for example, [9, Chapter 2]. Thus, only the
pair (Y, δ) is observed, where Y = min(X,Z) and δ = I(Z < X). Here I(A) denotes
the indicator function for the event A, such that I(A) = 1 when A occurs and I(A) = 0
otherwise. When Z and X are independent, the marginal distribution functions (DFs) of
X and Z, denoted by FX(x) and FZ(z), respectively, can be identifiable based on the joint
DF (Y, δ); For example, see [4, Theorem 1]. However, in practice, engineers often receive
signals from an operating device that prompt them to replace it with a new device to avert
the costs associated with random failure, suggesting that the independence assumption
may not hold. In competing risks theory, it is established that the marginal DFs are
unidentifiable based solely on observations (Y, δ) without considering the independence
assumption between X and Z (see [10]). To address this challenge, Cook [5] introduced
the concept of random sign censoring, where X and Z are dependent, yet the marginal
DF of X remains identifiable.

Definition 1.1 ([7, 4]). Let (X,Z) be a pair of lifetimes. Then {(Y = min(X,Z), δ =
I(Z < X))} is called a random signs censoring (RSC) of X by Z if the event {Z < X} is
(stochastically) independent of X.

The subdistribution functions (sub-DFs) of X and Z are defined by F ∗
X(x) = P (X ≤

x,X < Z) and F ∗
Z(z) = P (Z ≤ z, Z < X), respectively. The conditional DFs of X and

Z are defined by F̃X(x) = P (X ≤ x|X < Z) and F̃Z(z) = P (Z ≤ z|Z < X), respectively.
Similarly, the sub-probability mass functions (sub-PMFs) and the conditional PMFs of
X and Z are defined.

Lindqvist [7] proposed the Repair Alert Model (RAM) for analyzing Random Sign
Censoring Data (RSCD). The formal definition of the RAM is provided.

Definition 1.2. [7] The pair (X,Z) satisfies the requirements of the RAM if

(i) Z is a random signs censoring of X; that is, the event {Z < X} is stochastically
independent of X;

(ii) there exists an increasing function G : [0,+∞)→ [0,+∞) with G(0) = 0, such that
for all x ∈ (0,+∞),

P (Z ≤ z|Z < X,X = x) =
G(z)

G(x)
, 0 < z ≤ x. (1.1)

Statistical inferences based on RSCD have also been considered in the literature; for
instance, see [7, 1, 2]. They assumed that the lifetime X is continuous, but lifetimes can
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also be discrete. Examples of discrete lifetimes include the functioning of equipment in
cycles, weekly field failure reports, and the number of pages printed by a device before
failure. Recently, Atlehkhani and Doostparast [3] examined the RAM in situations where
the discrete lifetime distributionX belongs to a broad class known as the telescopic family.
They modified Definition 1.2 for discrete lifetimes. For sake of brevity, the supports of X
and Z are assumed to be N := {0, 1, 2, . . .}, i. e. Sx = Sz = N. Following [3] the pair
(X,Z) is called the discrete repair alert model (DRAM) if

(i) the event {Z < X} is stochastically independent of X;

(ii) there exists an increasing function G : N→ N with G(0) = 0, such that for all x ∈ N

P (Z ≤ z|Z < X,X = x) =
G(z)

G(x)
, z = 0, 1, . . . , x. (1.2)

q = P (Z < X). (1.3)

The sub-DFs and the conditional DFs of X and Z are, respectively, given by

F̃X(x) = FX(x), (1.4)

F ∗
X(x) = (1− q)FX(x), (1.5)

F̃Z(z) = FX(z) +
∞∑

k=z+1

G(z)

G(k)
P (X = k), (1.6)

F ∗
Z(z) = qF̃Z(z), (1.7)

for all x ∈ N and z ∈ N.
Note that the conditional PMF of Z is derived as

f̃Z(z) = P (Z = z|Z < X)

= g(z)
∞∑
k=z

P (X = k)

G(k)
, for all z ∈ N, (1.8)

where g(z) = G(z)−G(z − 1). In this study, we assume that an individual has indepen-
dently implemented a random age replacement policy N times. The available observa-
tions are denoted as (Y1, δ1); . . . ; (YN , δN), representing the RSCD. Our focus will be on
the RAM when the lifetimes are represented as discrete random variables, with the distri-
bution of device lifetimes is the negative binomial distribution. We will explore the issue
of parameter estimation and illustrate our findings through an analysis of a real dataset.
Therefore, the remainder of this paper is organized as follows: In Section 3 DRAM in the
negative binomial distribution is studied in detail. In Section 3, the maximum likelihood
estimates (MLEs) of the parameters and approximate confidence intervals are also de-
rived. In Section 4, a real data set on ARC-1 VHF, reported by [8], is analyzed. Section
5 provides conclusions.
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2 DRAM in the negative binomial distribution

In this section, we assume that the DF of lifetime X under the DRAM following the NB
distribution.

Proposition 2.1. Under the DRAM, assume that X ∼ NB(r, p). Then, the sub-PMFs
of X and Z are, respectively, given by

f ∗
X(x; p) = P (X = x,X < Z)

= (1− q)P (X = x)

= (1− q)Γ(x+ r)

x!Γ(r)
px(1− p)r, ∀x ∈ N. (2.1)

The second equality follows by the fact that X and the event {X < Z} are indepen-
dent.The sub-PMF of Z as

f ∗
Z(z; θ) = P (Z = z, Z < X)

= P (Z < X)P (Z = z|Z < X)

= qf̃Z(z) = qg(z)
∞∑
k=z

P (X = k)

G(k)

= qg(z)
∞∑
k=z

Γ(k + r)

k!Γ(r)G(k)
pk(1− p)r, ∀z ∈ N. (2.2)

If G(t) = tp, then g(t) = G(t)−G(t− 1) = tp − (t− 1)p and from Equation (2.2), we
obtain

f ∗
Z(z; p) = qg(z)

∞∑
k=z

P (X = k)

G(k)

= q
(
zp − (z − 1)p

) ∞∑
k=z

Γ(k + r)

k!Γ(r)kp
pk(1− p)r, ∀z ∈ N. (2.3)

3 Parameter estimation

In this section, the estimates of parameters in a given DRAM are derived. Various
approaches may be used to do this. In this paper, the ML method is considered. To
end this, the likelihood function (LF) of the available RSCD (x, z) under the DRAM is

L(θ, q;x, z) =

( m∏
i=1

f ∗
X(xi; θ)

)( n∏
j=1

f ∗
Z(zj; θ)

)
. (3.1)

The ML estimate of the parameter vector (θ, q) is then L(θ̂, q̂) = argmaxθ,q L(θ, q;x, z).
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For the negative binomial distribution, from Equations (2.1), (2.3) and (3.1) we obtain

L(p, r, q;x, z) =
m∏
i=1

(
(1− q)Γ(xi + r)

xi!Γ(r)
pxi(1− p)r

)
n∏
j=1

(
q
(
zpj − (zj − 1)p

) ∞∑
k=zj

Γ(k + r)

k!Γ(r)kp
pk(1− p)r

)

=p
∑m

i=1 xi(1− q)mqn (1− p)
r(m+n)

(Γ(r))m+n

m∏
i=1

(
Γ(xi + r)

xi!

)
n∏
j=1

((
zpj − (zj − 1)p

) ∞∑
k=zj

Γ(k + r)

k!kp
pk
)
. (3.2)

The LLF is then

l(p, r, q;x, z) = lnL(p, r, q;x, z)

= n ln q +m ln(1− q) +
( m∑

i=1

xi

)
ln p+ r(m+ n) ln(1− p)

− (m+ n) ln Γ(r) +
m∑
i=1

(
ln Γ(xi + r)− lnxi!

)
+

n∑
j=1

ln
(
zpj − (zj − 1)p

)
+

n∑
j=1

ln

( ∞∑
k=zj

Γ(k + r)

k!kp
pk
)
. (3.3)

The logarithm of the profile LF, denoted by lP , is obtained from Equation (3.3) as follows:

lP (p, r;x, z) = lnL(p, r, q̂;x, z)

= n ln

(
n

m+ n

)
+m ln

(
m

m+ n

)
+

( m∑
i=1

xi

)
ln p+ r(m+ n) ln(1− p)− (m+ n) ln Γ(r)

+
m∑
i=1

(
ln Γ(xi + r)− lnxi!

)
+

n∑
j=1

ln
(
zpj − (zj − 1)p

)
+

n∑
j=1

ln

( ∞∑
k=zj

Γ(k + r)

k!kp
pk
)
. (3.4)

The ML estimate of p is obtained by maximizing (3.4). To do this, one may use numerical
methods; see Section 4.

3.1 Approximate confidence intervals

Under some regular conditions, the ML estimate of the parameter vector θ = (θ1, . . . , θr)
has asymptotically the r-variate normal distribution with mean θ and the covariance
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matrix Σ = I−1, where I is the Fisher information (FI) matrix (see [6, p.476]). Indeed,
I = −Eθ(H), where H = [[∂2/∂θi∂θj logL]]1≤i,j≤r is the Hessian matrix of the LLF. Also,

one can use the observed FI instead of the FI I. The observed FI is defined by i(θ̂) = −Ĥ,
where Ĥ = [[∂2/∂θi∂θj logL]]|θ=θ̂. Therefore, under the regular conditions, we have

Σ̂−1(θ̂ − θ))→ Nr(0,J), (3.5)

where J is the r × r identity matrix. In the rest, the approximate confidence intervals
are derived under a member of the PS family. From Equation (3.5), the approximate
100(1− γ)% equal-tailed confidence intervals for θi is obtained as

θ̂i ± zγ/2
√
v̂ar(θ̂i), 1 ≤ i ≤ r (3.6)

respectively, where zγ stands for the upper 100γth percentile of the standard normal
distribution. The details are illustrated in the next section.

4 Case study

Table 1 presents a real-world dataset pertaining to ARC-1 VHF communication transmitter-
receivers used by a commercial airline. The dataset captures the number of operational
hours until failure (see [8]). When failures occurred, the affected units were removed
from the aircraft for maintenance. However, in some instances, the reported failures
were unconfirmed, as the units demonstrated satisfactory functionality upon inspection
at the maintenance center. Consequently, the failure times can be categorized into two
distinct groups: confirmed failures (x) and unconfirmed failures (z). The dataset
comprises m = 218 observations for confirmed failures (X) and n = 107 observations for
unconfirmed failures (Z).

For the analysis this dataset, the negative binomial distribution was considered for
modeling the lifetime X. Numerical computations were performed using R software (ver-
sion 4.4.0). The source code is available from the authors upon request. The Akaike
Information Criterion (AIC) was employed to compare the fitted models. The AIC is

defined as: AIC = −2L̂LF + 2M, where L̂LF represents the maximized log-likelihood
function (LLF) evaluated at the maximum likelihood (ML) estimates, andM denotes the
number of estimated parameters. The results are summarized in Table 1. As illustrated in
Table 1, the negative binomial distribution with parameters r = 2 and p̂ = 0.9923 exhibits
a lower Akaike Information Criterion (AIC) value, indicating its superiority as the better-
fitting model. An approximate 95 % confidence interval for p is p ∈ (0.9917, 0.9929).

5 Conclusion

In this paper, we examine repair alert models for analyzing discrete lifetimes derived from
maintenance programs. We focused on developing these models under the assumption
that the lifetimes of the devices are discrete. Notably, we considered NB distribution
known. Furthermore, we addressed the challenges associated with parameter estimation
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Table 1: ARC-1 VHF communication transmitter-receivers of a single commercial number
of hours to failure

x 16, 224, 16, 80, 128, 168, 144, 176, 176, 568, 392, 576, 128, 56, 112,
160, 384, 600, 40, 416,408, 384, 256, 246, 184, 440, 64, 104, 168, 408,

304, 16, 72, 8, 88, 160, 48, 168, 80, 512,208, 194, 136, 224, 32,
504, 40, 120, 320, 48, 256, 216, 168, 184, 144, 224, 488, 304, 40, 160,
488, 120, 208, 32, 112, 288, 336, 256, 40, 296, 60, 208, 440, 104, 528,
384, 264, 360, 80, 96, 360, 232, 40, 112, 120, 32, 56, 280, 104, 168,
56, 72, 64, 40, 480, 152, 48, 56, 328, 192, 168, 168, 114, 280, 128,

416, 392, 160, 144, 208, 96, 536, 400, 80, 40, 112, 160, 104, 224, 336,
616, 224, 40, 32, 192, 126, 392, 288, 248, 120, 328, 464, 448, 616, 168,
112, 448, 296, 328, 56, 80, 72, 56, 608, 144, 408, 16, 560, 144, 612,
80, 16, 424, 264, 256, 528, 56, 256, 112, 544, 552, 72, 184, 240, 128,
40, 600, 96, 24, 184, 272, 152, 328, 480, 96, 296, 592, 400, 8, 280,

72, 168, 40, 152, 488, 480, 40, 576, 392, 552, 112, 288, 168, 352, 160,
272, 320, 80, 296, 248, 184, 264, 96, 224, 592, 176, 256, 344, 360, 184,

152, 208, 160, 176, 72, 584, 144, 176.
z 368, 136, 512, 136, 472, 96, 144, 112, 104, 104, 344, 246, 72, 80, 312,

24, 128, 304, 16, 320, 560, 168, 120, 616, 24, 176, 16, 24, 32, 232,
32, 112, 56, 184, 40, 256, 160, 456, 48, 24, 200, 72, 168, 288, 112,

80, 584, 368, 272, 208, 144, 208, 114, 480, 114, 392, 120, 48, 104, 272,
64, 112, 96, 64, 360, 136, 168, 176, 256, 112, 104, 272, 320, 8, 440,
224, 280, 8, 56, 216, 120, 256, 104, 104, 8, 304, 240, 88, 248, 472,
304, 88, 200, 392, 168, 72, 40, 88, 176, 216, 152, 184, 400, 424, 88,

152, 184.

for the NB distribution. Based on the Akaike Information Criterion the negative binomial
with parameters r = 2 and p̂ = 0.9923 exhibits a lower Akaike Information Criterion
(AIC) value, indicating its superiority as the better-fitting model. An approximate 95 %
confidence interval for p is p ∈ (0.9917, 0.9929) .This paper may be extended in various
direction. For example, RSCD may be analyzed by the Bayesian approach. Prediction of
the component lifetime X based on the observed RSCD is also worth for consideration.
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Abstract

This paper addresses the optimization of maintenance strategies for a two-
component series system subjected to both natural degradation and common shock-
induced degradation. The system is modeled with degradation processes for each
component, where natural degradation follows a homogeneous gamma process, and
shock-induced degradation is governed by a homogeneous Poisson process with
shared shocks affecting both components. The objective is to develop an optimal
maintenance policy using Q-learning, a reinforcement learning technique, to mini-
mize maintenance costs while preventing system failure. The maintenance strategy
includes corrective, preventive, and opportunistic maintenance actions, with the
decision-making process based on the degradation levels of both components ob-
served during periodic inspections. The proposed method is evaluated through
simulations to assess the effectiveness of the Q-learning-based policy in reducing
overall costs and ensuring system reliability. Results show that the optimal policy
balances the costs of inspections, maintenance actions, and system downtime, pro-
viding significant cost savings compared to traditional maintenance approaches. The
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approach demonstrates the potential of reinforcement learning in dynamic mainte-
nance optimization for complex systems subject to degradation and external shocks.

Keywords: Condition-based maintenance, Opportunistic maintenance, Common
cause failure, Degradation modeling, Q-learning.

1 Introduction

The increasing complexity of modern equipment poses significant challenges to reliabil-
ity and maintenance, highlighting the critical concern of common cause failures (CCF),
which involve the simultaneous failure of multiple components leading to system-wide
breakdowns. A prominent example is the 2009 Air France Flight AF447 crash, attributed
to the simultaneous failure of three pitot tubes. While various models, such as shock mod-
els, have attempted to characterize CCF, a universally accepted definition and estimation
method remain elusive, often due to the difficulty in incorporating gradual performance
deterioration.

Effective maintenance is crucial for ensuring system reliability. The cost of unexpected
downtime in US factories alone reached nearly $50 billion in 2013, and maintenance costs
can consume up to %70 of production budgets, with an estimated %33 of that being
wasted. This underscores the growing industry trend toward more efficient maintenance
strategies that optimize maintenance timing and thresholds to minimize costs and maxi-
mize system availability.

Traditional maintenance approaches, such as post-failure or age-based strategies, suffer
from significant limitations. Post-failure maintenance often results in substantial conse-
quential damage, while age-based strategies can be overly conservative, leading to unneces-
sary actions like premature component replacements. The advent of advanced sensing and
monitoring technologies has enabled condition-based maintenance (CBM), which triggers
maintenance ”when needed” or just before failure. CBM offers significant cost reductions
and extends equipment lifespan across diverse sectors, including mechanical, aviation,
and electrical engineering. However, conventional CBM strategies typically focus on indi-
vidual components or single-component systems, neglecting the crucial interdependencies
between components in complex systems. Applying such single-component strategies to
multi-component systems without considering these dependencies can lead to subopti-
mal outcomes, driving increasing research into CBM policies for complex, interdependent
systems.

Recent studies have explored CBM policies for two-component systems. For instance,
Broek et al. [1] proposed a CBM policy for a two-unit system with economic dependency,
while Wang et al. [3] investigated the joint optimization of condition-based replacement,
age-based replacement, and spare parts inventory for a two-unit series system. However,
these studies often consider only one type of dependency. Incorporating multiple depen-
dencies can significantly increase model complexity, making them practically unsolvable
or analytically intractable.

Dependencies among components can manifest in various forms, including economic
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and structural dependencies. Economic dependency arises when combined maintenance
of multiple components is more cost-effective than individual maintenance due to shared
setup costs. Structural dependency is common in continuously operating systems like
aircraft, power plants, and chemical processing facilities. To address these dependencies,
opportunistic maintenance (OM) has emerged as a valuable strategy. OM capitalizes on
specific opportunities, such as scheduled downtime or maintenance windows, to perform
maintenance actions, rather than adhering to rigid pre-planned schedules.

Several studies have focused on optimizing OM strategies for multi-component sys-
tems. For example, Chen et al. [3] explored condition-based OM policies for continuously
degrading multi-component systems with real-time monitoring and periodic inspections.
Shi et al. [4] proposed an OM strategy for a series multi-machine production system,
where maintenance on other components is performed when one component reaches its
preventive maintenance threshold. While many OM studies assume progressive system
degradation, they often overlook the impact of CCF, potentially leading to inaccurate
reliability analyses and suboptimal maintenance scheduling.

This paper addresses this gap by considering a two-component series system with eco-
nomic dependence [5], where simultaneous maintenance of multiple components reduces
costs due to shared setup expenses. Specifically, we examine a two-component series sys-
tem subject to both natural degradation and common shocks. Our maintenance strategy
comprises four actions: corrective maintenance (CM), preventive maintenance (PM), op-
portunistic maintenance (OM), and do nothing. When one component undergoes PM or
CM, the other component is considered for OM if appropriate. All maintenance actions
are assumed to be perfect, restoring components to an as-good-as-new condition. We
employ Q-learning to model the maintenance problem and determine the optimal actions,
minimizing cost based on the learned Q-table.

2 Method

2.1 System Overview

The system consists of two components connected in series. Both components are subject
to individual degradation and common shock processes. At time t = 0, both components
were in perfect conditions and didn’t have any degradation. The degradation of each
component is modeled through a gamma process while exposed to common shocks arriving
according to a homogeneous Poisson process.

2.2 Natural Degradation

The natural degradation Wi(t) of component i follows a homogeneous gamma process.
The cumulative distribution function (CDF) of Wi(t) is given by:

GWi
(xi, t) = P{Wi(t) ≤ xi}

For any time interval δ, the increment Wi(t+ δ)−Wi(t) follows a gamma distribution
with shape parameter αiδ and scale parameter βi. The probability density function (PDF)
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is:

gαiδ,βi(x) =
βαiδ
i

Γ(αiδ)
xαiδ−1e−βixI{x≥0}

2.3 Shock-Induced Degradation

The system is exposed to common shocks that arrive according to a homogeneous Poisson
process (HPP) with rate λ. Each shock causes sudden damage to both components,
with the damage size for component i denoted by Yi. The cumulative shock-induced
degradation for component i at time t is:

θi(t) =

N(t)∑
j=1

Yij

where N(t) is the number of shocks by time t.

2.4 Total Degradation and Failure Criteria

The total degradation of component i at time t is the sum of natural degradation and
shock-induced degradation:

Xi(t) = Wi(t) + θi(t)

The system fails if the total degradation of either component exceeds its predefined
failure threshold Di.

3 Maintenance Strategy

A condition-based opportunistic maintenance policy is used with a two-component se-
ries system. Maintenance actions are ignited based on apprehended degradation levels
of the components. The system experiences common-cause failures (CCF) due to shared
shock processes. A key economic dependency explored in this paper is the presence of a
fixed cost associated with any maintenance activity, regardless of how many components
are involved. This fixed cost makes it economically advantageous to combine mainte-
nance tasks, leading to the consideration of opportunistic maintenance (OM). OM, in
conjunction with corrective maintenance (CM) and preventive maintenance (PM), forms
the complete set of maintenance operations analyzed here.

3.1 Maintenance Actions

The following maintenance actions are considered:

• Corrective Maintenance (CM): Performed when a component’s degradation
exceeds its failure threshold Di.
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• Preventive Maintenance (PM): Performed when a component’s degradation
reaches a preventive threshold Mi.

• Opportunistic Maintenance (OM): Performed on one component when the
other undergoes PM or CM, if its degradation exceeds an opportunistic threshold
Oi.

• Do Nothing: No maintenance is performed if the degradation levels of both com-
ponents are below their respective thresholds.

All maintenance actions are considered as perfect maintenance, restoring the system
to an as-good-as-new condition.

3.2 Costs in Maintenance Decisions

The costs associated with maintenance decisions include:

• C: Inspection cost at each inspection time.

• CS: Set-up cost when the system is stopped.

• CM , CP , CO: Costs for corrective, preventive, and opportunistic maintenance for
component i.

• CT : Cost of sending a maintenance team.

Since we are dealing with economic dependency in this problem, establishing a logical
connection between the various repair costs was one of the main challenges we faced.
Another issue that caused many challenges was the completeness of the repairs because
this made it difficult for the agent to initially distinguish between the different actions,
and this issue also had to be addressed by selecting appropriate costs.

4 Reinforcement Learning

4.1 Discretization

In many real-world scenarios, reinforcement learning agents operate in environments with
continuous state and action spaces. However, the standard Q-learning algorithm is de-
signed for discrete spaces. To apply Q-learning to continuous problems, discretization is
a common technique used to approximate the continuous space with a finite set of discrete
values.

The core idea is to partition the continuous range of each state and action variable
into a finite number of intervals, or ”bins.” Each bin represents a discrete state or action,
and the agent interacts with the environment using these discretized values. For instance,
consider the degradation levels of two components, S1 and S2, as depicted in the provided
image. Instead of treating the degradation levels as continuous values, we can discretize
them into five levels: Healthy1, Healthy2, Healthy3, Healthy4, and Failed State.

Specifically, the discretization scheme used in this example is defined as follows:
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• Healthy1 (0): Low degradation (deg ≤ 2.5).

• Healthy2 (1): Moderate degradation (2.5 < deg ≤ 5).

• Healthy3 (2): Higher degradation (5 < deg ≤ 7.5).

• Healthy4 (3): Significant degradation (7.5 < deg < 10).

• Failed State (4): Critical degradation (deg > 10).

This discretization scheme maps the continuous degradation levels to discrete integers
from 0 to 4. The thresholds D1 and D2 in the original description implicitly refer to the
boundaries of these discrete intervals. A failure state is triggered when the degradation
of either component exceeds the threshold corresponding to the ”Failed State (4).”

By employing discretization, the Q-learning algorithm can now operate on a finite
state space, where each state is represented by a combination of the discrete degradation
levels of the two components. For example, a state could be (S1 = 1, S2 = 2), indicating
that component S1 is in the Healthy2 state and component S2 is in the Healthy3 state.
The Q-table then becomes a finite-dimensional table, where each entry Q(s, a) represents
the estimated reward for taking action a in the discretized state s.

4.2 Q-learning Overview

The Q-learning algorithm is employed to optimize the maintenance policy. The key steps
of the algorithm are:

• Initialize the Q-table (states as rows, actions as columns).

• Define hyperparameters: learning rate α, discount factor γ, and exploration rate ϵ.

• Start in an initial state S.

• Repeat until terminal state:

– Choose action A using ϵ-greedy policy.

– Perform action A, observe reward R and new state S ′.

– Update Q-value using the Bellman equation.

– Set S ← S ′.

• Convergence: Q-values stabilize, and the optimal policy is learned.

5 Simulation Study

Define the following maintenance actions clearly:

• #act = 0 No action required

• #act = 1 Corrective Maintenance
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• #act = 2 Preventive Maintenance

• #act = 3 Opportunistic Maintenance

In this section, a condition-based opportunistic maintenance (CBOM) policy is inves-
tigated for a multi-component degrading system, incorporating common cause failures.
We formulate a maintenance optimization model under the framework of Semi-Markov
Decision Processes (SMDP), considering both economic and failure dependencies among
the components.

Unlike traditional approaches, where optimization models rely on heuristics or conven-
tional algorithms such as the Iterative Genetic Algorithm (IGA), Common Cause Shock
Algorithm (CCSA), and Evolutionary Algorithm (EA), we apply a Q-learning approach
to determine the optimal maintenance thresholds. Our approach allows for the dynamic
adaptation of the maintenance policy over time, learning from interactions between system
degradation and maintenance actions.

5.1 Classical Approaches

In traditional approaches to condition-based opportunistic maintenance (CBOM), various
optimization models and algorithms have been proposed to address the challenges of multi-
component degrading systems with common cause failure. These methods typically aim to
optimize the maintenance decision-making process while considering both the degradation
and failure dependencies among components. Some classical approaches include:

• Iterative Genetic Algorithm (IGA): This approach uses evolutionary tech-
niques to optimize maintenance thresholds by generating a population of solutions
and iteratively evolving them based on fitness functions, which are typically designed
to minimize maintenance costs and downtime.

• Common Cause Shock Algorithm (CCSA): This algorithm focuses on mod-
eling the impact of common cause failures (CCF) on maintenance decisions. It
addresses the challenges of coordinating maintenance actions in systems where mul-
tiple components fail simultaneously due to shared shocks.

• Evolutionary Algorithm (EA): EA is a broader class of algorithms that uses
mechanisms inspired by biological evolution, such as mutation, selection, and crossover,
to find optimal maintenance strategies. It is often employed to handle the complex-
ity and non-linearity of multi-component systems and failure dependencies.

These classical algorithms focus on determining the optimal preventive maintenance
(PM) and opportunistic maintenance (OM) thresholds for components, seeking to min-
imize the total cost of maintenance actions while ensuring system reliability. However,
each of these methods has its limitations, particularly in their ability to adapt dynam-
ically to changing system conditions. In contrast, our approach leverages Q-learning to
optimize the maintenance policy in a more flexible and adaptive manner, addressing these
limitations.
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5.2 Q-learning Implementation

To evaluate the performance of the Q-learning-based maintenance policy, we simulate the
degradation processes and maintenance actions over a series of time periods. The Q-
learning algorithm is used to optimize the maintenance thresholds, including preventive
maintenance (PM) and opportunistic maintenance (OM) thresholds, based on the state
of the system and the degradation levels of the components. The goal is to minimize the
overall cost while ensuring that the system remains operational.

We have implemented the following key steps:

• Discretize the degradation levels of both components into finite states.

• Define a set of maintenance actions: corrective maintenance (CM), preventive main-
tenance (PM), opportunistic maintenance (OM), and do nothing.

• Use the Q-learning algorithm to update the Q-values based on the rewards observed
from maintenance actions and system states.

5.3 Convergence of the Algorithm

To demonstrate the effectiveness of the Q-learning approach, we present the convergence
behavior of the algorithm. As shown in Figure 2, we observe the decay of the exploration
parameter ϵ over time, which allows the algorithm to gradually shift from exploration to
exploitation. The Q-values stabilize after a sufficient number of iterations, indicating that
the algorithm has converged to an optimal maintenance policy.

Figure 1: Convergence of the Q-learning algorithm: Epsilon decay and stabilization of
Q-values.

5.4 Q-table

The Q-table, which stores the learned values for each state-action pair, is a crucial part
of the Q-learning process. After the algorithm has converged, the Q-table reflects the
optimal maintenance policy for each state. As illustrated in Figure 3, the table consists
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Figure 2: Q-table after convergence, showing optimal maintenance actions, Where the
rows are the first component and columns are second component and for each pair the
cell correspond to optimal action for each component in the (first, second) component.

of values that represent the expected rewards for different maintenance actions across
various system states.

The results show that the Q-learning approach effectively determines the optimal
maintenance thresholds, balancing the costs of maintenance and system downtime. so for
each pair of state we have our optimal action in the table instead of creating thresholds
but we could have approximate those thresholds as we discuss further.

6 Results

The proposed Q-learning-based maintenance policy was evaluated through simulations
and compared with existing maintenance strategies. The results highlight how this ap-
proach optimizes maintenance decisions while balancing cost-effectiveness and system
reliability.

6.1 Degradation Trends and Maintenance Efficiency

The degradation patterns of system components under different maintenance strategies
were analyzed. As shown in Figure 3, degradation levels increase over time, with main-
tenance actions helping to reset them at key intervention points. The Q-learning policy
identifies maintenance moments that prevent excessive degradation while avoiding unnec-
essary interventions. Key thresholds, including minor degradation, high degradation, and
the failure threshold, provide reference points for decision-making.

The comparison between maintenance and non-maintenance cases (Figure 4) shows
that degradation accumulates more rapidly without intervention, leading to earlier fail-
ures. When maintenance is applied, degradation is managed more effectively, extending
the operational lifespan of components. This suggests that a data-driven maintenance
policy can help adjust intervention timing to balance reliability and cost.

6.2 Comparison with Existing Policies

We compare maintenance thresholds and degradation levels between our approach and
the traditional method based on the values reported in [5]. The traditional approach sets:

O1 = 5.84, M1 = 8.38, M2 = 8.96, O2 = 7.22
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Figure 3: Convergence of the Q-learning algorithm: Epsilon decay and stabilization of
Q-values.

Figure 4: Convergence of the Q-learning algorithm: Epsilon decay and stabilization of
Q-values.

In contrast, we approximate our discretization borders as:

O∗
1 = 4, O∗

2 = 4, M∗
1 = 8, M∗

2 = 8

This adjustment is beneficial because:

• The earlier preventive maintenance thresholds (M∗
1 ,M

∗
2 ) mitigate degradation be-

fore it escalates, enhancing reliability.
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• Lower opportunistic maintenance limits (O∗
1, O

∗
2) ensure proactive intervention, re-

ducing the likelihood of unexpected failures.

• The refined discretization effectively balances preventive and corrective actions, op-
timizing maintenance efficiency.

Compared to heuristic-based policies, which rely on predefined rules, the Q-learning
approach adapts based on observed degradation patterns. While heuristic methods are
often straightforward and computationally efficient, their fixed decision rules may not
always capture changing system conditions. In contrast, Q-learning refines maintenance
decisions over time by learning from past interactions.

6.3 Cost and Time Considerations

A key factor in maintenance decision-making is balancing inspection frequency and main-
tenance costs while ensuring system reliability. Unlike fixed-interval strategies, which
schedule maintenance based on predefined thresholds, the Q-learning policy determines
intervention points based on real-time system conditions. This leads to:

• Reduced operational costs, as maintenance is performed when needed rather
than at fixed intervals.

• Less frequent interventions, extending the time between major repairs.

• Better resource allocation, ensuring maintenance actions are distributed effi-
ciently over time.

These findings align with previous research on reinforcement learning for maintenance,
suggesting that adaptive decision-making can complement heuristic approaches, partic-
ularly in complex multi-component systems. Rather than replacing heuristic methods,
reinforcement learning provides a structured way to optimize maintenance policies. Fu-
ture work can explore integrating Q-learning with rule-based systems to leverage both
adaptability and computational efficiency.

7 Discussion and Conclusion

In this paper, we proposed a novel maintenance policy optimization method based on
reinforcement learning (RL) for a multi-component degrading system subjected to com-
mon cause failures. By leveraging the Q-learning algorithm, we were able to dynamically
optimize the timing and thresholds for preventive maintenance (PM) and opportunistic
maintenance (OM) to minimize maintenance costs while maintaining system reliability.

Our approach demonstrates several advantages over traditional methods. Classical
maintenance optimization algorithms, such as the Iterative Genetic Algorithm (IGA),
Common Cause Shock Algorithm (CCSA), and Evolutionary Algorithm (EA), are often
simpler to understand and implement. These methods typically rely on predefined rules
or heuristic models, which are relatively easy to set up and execute. However, these clas-
sical approaches lack the ability to adapt dynamically to changing system conditions. In
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contrast, our RL-based approach is more flexible and capable of learning from interactions
between system degradation and maintenance actions over time, which ultimately leads
to better optimization.

Despite these advantages, there are some limitations to the proposed method. One key
limitation arises from the discretization of the state and action spaces, which is necessary
for applying Q-learning to continuous environments. Discretization can lead to a loss of
precision, as the continuous nature of system degradation is approximated by discrete
intervals. However, this issue can be mitigated by using more advanced RL techniques,
such as Deep Q-Networks (DQN) and Double Deep Q-Networks (DDQN), which allow
for more precise decision-making while still leveraging the power of RL. These techniques,
however, come with an increased computational cost, as they require deep neural networks
to approximate the Q-values.

Another significant aspect is that as reinforcement learning techniques evolve, main-
tenance criteria may become more sophisticated and high-level. Traditional maintenance
approaches are often based on simple heuristics or predefined models, but with RL, main-
tenance strategies can evolve and adapt based on real-time data and system behavior.
This shift in maintenance strategy allows for more intelligent decision-making and can
lead to substantial improvements in both cost-efficiency and system reliability.

In conclusion, the proposed Q-learning-based maintenance policy offers a significant
improvement over traditional methods by enabling dynamic, data-driven decision-making.
While the discretization process introduces some loss in precision, this can be addressed
through more advanced RL techniques. As reinforcement learning continues to evolve,
maintenance criteria will become increasingly advanced, opening the door for smarter,
more efficient maintenance strategies in complex systems.
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1 Introduction

Steel is one of the most commonly used metal today, playing a significant role in such
sectors as construction, automobile, and manufacturing. Steel production can be carried
out using iron ore (primary steel) or recycled scrap (secondary steel). Steelmaking using
iron demands a substantial amount of energy to produce and also has a significant envi-
ronmental footprint. It is estimated that the steel industry is responsible for producing
around 7-9% of global carbon dioxide (CO2) emissions, which contributes to the ongoing
issue of climate change [1].

Recycling of steel has been a powerful step to counter these environmental problems.
Steel recycling involves collecting and processing scrap metal to produce new steel prod-
ucts. Production costs are reduced, energy is conserved, natural resource extraction is
reduced, and solid scrap management is improved by utilizing recycled steel. Despite
all these benefits, recycling of steel is still not maximized, and cost and quality of final
product are some of the issues that have kept it from being massively used [2].

New technology such as shredder machines, remedies these problems in steel produc-
tion from scraps. Shredder machines shred metallic scrap into tiny pieces, clean out
impurities, and prepare the suitable material ready for the production of steel. Scrap
is shredded to conserve energy, facilitate easy transport, and enhance the quality of the
product. Their performance also contributes to a great extent towards the overall process
performance. Hammers in shredders which play a very key role in the process sustain
great wear, hence causing them to degrade at a very fast pace. This sort of hammer
wear can lower production capacity and have a negative impact on productivity at the
production lines. Proper maintenance of such parts is therefore immensely needed in a
bid to achieve long-term productivity and lower the cost of running.

A steel production line is made up of interlinked modules that create a complex sys-
tem, and failure in one module may impact the performance of the others. It is hence
challenging to maintain such systems. Additionally, taking down the system for main-
tenance requires advanced planning to ensure demand versus cost optimization. This
complexity has led to research in production line maintenance and planning [3].

1.1 Types of Maintenance Approaches Applied in the Study

In this paper, we distinguish four principal maintenance approaches, each of which can
be applied under different circumstances depending on system requirements and available
monitoring data:

Time-Based Maintenance (TBM):
TBM is where the maintenance and inspection work are performed at planned, scheduled
time intervals regardless of the condition of the equipment. While TBM allows for regular
maintenance work to be performed at a standard interval, it results in unnecessary visits
when the equipment is not in need of service at due time. As stated by Ferreira Neto et
al. [1], In spite of industry interest in Condition-Based Maintenance (CBM) techniques,
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TBM continues to be the most common maintenance practice, which involve scheduling
inspections at periodical time interval.

Condition-Based Maintenance (CBM):
CBM is dynamic in the aspect that it uses real-time, continuous monitoring of the actual
condition of the equipment. The method utilizes a variety of sensors and diagnostic
equipment to take measurements of performance parameters and indicators. Maintenance
is suggested depending on the condition of the equipment at the time, with the potential
for immediate action as soon as certain thresholds are met. CBM not only enhances
the operational efficiency but also lowers the cost on unwanted maintenance because it
triggers service action only when necessary.

Corrective Maintenance (CM):
CM, takes place only after the equipment fails. While it is straightforward, it can lead to
prolonged downtimes, emergency repair costs, and potential collateral damage. In high-
throughput industries, such as steel manufacturing, an unscheduled shutdown is frequently
more expensive than a planned intervention, making CM less desirable unless failures are
rare or minimally disruptive.

Preventive Maintenance (PM):
PM is an overarching term that includes any proactive steps taken to reduce or avert
breakdowns before they occur. TBM and CBM may each be regarded as a subtype of
PM: TBM follows a strict schedule, whereas CBM is driven by condition data. In most
modern industrial setups, PM is crucial for boosting availability, reducing unplanned
downtime, and extending equipment life, particularly in systems subject to heavy or vari-
able wear.

Accurately identifying and defining system dynamics and selecting an appropriate
modeling technique are the foundation of maintenance optimization. For multi-component
systems, dynamic CBM methods based on the Markov Decision Process (MDP) have been
suggested [4]. Although model-based methods can solve MDPs, they require a complete
model of the environmentall components’ transition matrices, which could be infeasible
for practical applications. When such matrices do not exist and component deterioration
must be accounted for, model-free methods such as RL can then be used as an alter-
native. Mathematical modeling of system behavior is essential in real-time control and
decision-making [5]. Aside from component interdependencies in manufacturing systems,
uncertainties in production and maintenance also render it challenging to model such
multi-component systems.

There are some existing research articles on sophisticated maintenance methods in
steel production. In the article by Ferreira Neto et al. [1], a methodology with a Deep
Reinforcement Learning (DRL) was constructed to enhance the inspection and preven-
tive maintenance policy of a shredder in a scrap-based steel production process. In their
work, the scrap-based steel production line was represented as a multi-component sys-
tem with dependencies between components, consisting of the first workstation, which
includes the shredder machine, an intermediate buffer, and the second workstation where
the remaining steel production operations are carried out. The DRL-based maintenance
optimization approach recommended the appropriate timing for inspection and mainte-
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nance tasks based on the monitoring condition of the production line, including machine
productivity, buffer levels, and production demand. However, their model largely took
into account the failure modes of the first workstation and did not directly consider the
condition and potential failure of the second workstation.

Unlike these previous studies, our research extends the scope further by actively mod-
eling the second workstation’s failures and integrating RUL information into the decision-
making process. RUL is valuable information that provides knowledge about the health of
a system. Predicting the time to system failure or knowing how much longer the system
can operate, is valuable in best planning [4]. This metric is a key one in system manage-
ment. This allows the maintenance planners to make more proactive and context-aware
maintenance scheduling decisions, which can significantly reduce downtime and overall
operating costs.

For clarity, a list of abbreviations used throughout this paper is provided in Table 1.
The rest of this paper is organized as follows. Section 2 explains the mathematical

modeling and simulation of the production system, Section 3 describes the RL framework
and Section 4 Presents the results and draws conclusions from them.

Table 1: List of abbreviations
Abbreviation Full Term
TBM Time-Based Maintenance
CBM Condition-Based Maintenance
CM Corrective Maintenance
PM Preventive Maintenance
MDP Markov Decision Process
RL Reinforcement Learning
DRL Deep Reinforcement Learning
MD Maintenance Duration
MC Maintenance Cost

2 Mathematical Modeling and Simulation

2.1 System description

The environment used in this study is based on that of Ferreira Neto et al. [1] with modifi-
cations and adjustments to add more practical features and dynamic elements. The study
focuses on a scrap-based steel production line consisting of multiple interconnected work-
stations. The system consists of three main components: a first workstation responsible
for separating impurities and shredding scrap, a second workstation where the remaining
steelmaking processes take place, and a buffer between them to control fluctuations be-
tween production and demand. The buffer level also serves as an indicator to control the
production rate. (Figure1)
The first key workstation is the shredder, which processes steel scrap by reducing it to
smaller pieces. The scrap is a mixture of metals, plastics, foam, rubber, wood, sand, and
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gravel, and is separated into ferrous and non-ferrous materials by a magnetic separator.
The ferrous scrap is then transferred to the buffer for later use in steelmaking.

The shredder consists of a large rotor with multiple crushing hammers that are essential
for breaking down the scrap. These hammers degrade over time. As the hammers degrade,
their contribution to the shredders production decreases. When a hammer reaches the
failed state, it no longer contributes to the shredders productivity.

The production rate of the shredder at time t, denoted Pt, depends on the degradation
of the hammers. The shredder operates in two possible paces based on the buffer level:

• T1 (high production pace)

• T2 (low production pace)

The degradation process of the hammers follows a Gamma distribution and increases
based on the machine’s production pace, with the degradation at time t+∆t given by:

Di(t+∆t) = Di(t) +Ga(α,∆t, β) (2.1)

Here, α and β are the shape and scale parameters of the Gamma distribution that governs
the degradation process, and ∆t represents the operational time step. When the shredder
operates at rate T1, the parameters are αT1 and βT1. During operation at rate T2, the
parameters change to αT2 and βT2. This relationship between the hammer condition and
the production rate is modeled in the following way.

2.2 Mathematical Modelling

The production rate of the shredder Pt at time t is modeled by the following equation:

Pt =

{
c1ρt

∑n
i=1 Pi(t) if operating in T1

c2ρt
∑n

i=1 Pi(t) if operating in T2
(2.2)

Where:

• Pi(t) is the production rate of hammer i at time t.

• n is the total number of hammers in the shredder.

• c1 and c2 are constants that define the production pace: c1 for the high production
pace T1, and c2 for the low production pace T2.

• ρt is the ferrous content of the scrap at time t, which influences the shredders
production rate.

This equation reflects how the shredder’s production rate is influenced by the degrada-
tion of the hammers, composition of the scrap and the production pace. The constants c1
and c2 determine how the production pace affects the shredders performance, with higher
production intensifying the hammer degradation process.
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ρt follows a normal distribution. This variability impacts the shredder’s performance and
adds uncertainty to the system.

The system also uses the intermediate buffer to store the shredded material, which
helps maintain the flow of material to the next workstation when the shredder’s perfor-
mance fluctuates. As mentioned earlier, there are two paces (T1 or T2) for shredding,
depending on the buffer level. Initially, the system starts at T1. When the buffer level
reaches h1, the production pace decreases to T2, and if the buffer level reaches h2, the
pace increases back to T1.

As the hammers degrade over time, they pass through four states: new, minor defec-
tive, major defective, and failed. Each state reduces the contribution of that hammer to
the total production. For example, a new hammer contributes 100%, a minor defective
hammer contributes 80%, a major defective hammer contributes 60%, and a failed ham-
mer contributes 0%. These percentages are determined by the degradation level of the
hammer. A degradation less than 0.2 is considered new, between 0.2 and 0.3 is minor
defective, between 0.3 and 0.4 is major defective, and greater than 0.4 is out of service.

The buffer level at each time step is calculated from the difference between production
and demand (Pt − dt). If production exceeds demand, the surplus is stored in the buffer.
If demand exceeds the sum of the buffer storage and production, there will be unmet
demand, which is accounted for in the cost section.

The second workstation is responsible for the remaining steelmaking processes and
consists of various interconnected components. Any failure in this workstation leads to
its downtime. To prevent this, periodic maintenance is performed every Ts hours on this
workstation, and the duration of that is Td hours.

Additionally, in case of failure (RUL=0), CM is performed for a duration Fs, which
follows an exponential distribution with a mean of λFs .

A preventive maintenance is also planned so that if the second workstation stops,
whether for periodic inspections or CM, the first one also halts for PM.

During second workstation maintenance periods, the system is stopped, and the de-
mand is considered zero. At other times, the demand dt follows a normal distribution
(Fd) with a mean of µdt and standard deviation of σdt . The demand can be formulated
as:

dt =

{
0, during workstation stoppages

Following Fd, otherwise
(2.3)

For the second workstation, the RUL is also calculated at each time step. The lifetime
of the second workstation follows an exponential distribution with mean of λFf

. The exact
RUL for time t is calculated as follows:

RULt = lifetime− t (2.4)

2.3 Maintenance and Cost Modeling

Both PM and CM actions on the first workstation involve stopping the shredder to inspect
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Figure 1: Scrap-based steel production line

and replace defective (minor and major) and failed hammers at a cost of cr per hammer.
Each shutdown incurs a cost ci for personnel, materials, and tasks like inspections, and
cleaning. Additional costs include the inventory carrying cost cs for storing crushed scrap
in the buffer and the cost cl per unit of unmet demand.

The maintenance duration (MD) varies based on the type of maintenance performed.
Accessing the hammers requires a time TP . Each hammer replacement takes Tu. CM
after a failure necessitates additional time Ta, following an exponential distribution (Fa)
with a mean of λFa . A failure also incurs a cost cf .

The Maintenance Duration is calculated as follows:

MD =

{
TP +NrTu, if PM

TP +NrTu + Ta, if CM
(2.5)

where Nr is the number of replaced hammers.
The aim of this paper is to suggest a CBM policy with RL for the shredder machine,
that determines the optimal time to inspect based on system monitoring information in
order to realize the minimum long-term maintenance costs per unit. Although the second
workstation is maintained periodically, its maintenance costs are not actually calculated;
only unmet demand is accounted for when production is stopped due to material shortage.

At time t, the operating cost of the production line is given by csbt+clUt. The quantity
of unmet demand at time t (Ut) can be determined as follows:

Ut =

{
dt − Pt − bt, if dt > Pt + bt

0, otherwise
(2.6)

The Maintenance Cost (MC) associated with a maintenance intervention can be computed
as follows:

MC =

{
ci + cs

∫MD

0
btdt+ crNr + cl

∫MD

0
Utdt, if PM

ci + cs
∫MD

0
btdt+ crNr + cl

∫MD

0
Utdt+ cf , if CM

(2.7)

Where
∫
Ut and

∫
bt represent, respectively, the total unmet demand and the total

buffer content during the maintenance duration (MD). Let π denote the shredder’s main-
tenance policy. The total cost up to time t is:

C(t, π) = cl

∫ t

0

Utdt+ cs

∫ t

0

btdt+ crNr(t) + ciPM(t) + (cf + ci)CM(t) (2.8)
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where Nr(t) is the number of replaced hammers up to time t, and PM(t) and CM(t) are
the number of PM and CM interventions up to t.

The optimal maintenance policy π∗ that minimizes the long-term cost per unit of time
is:

π∗ = min
π

{
lim
t→∞

C(t; π)

t

}
(2.9)

2.4 Simulation

A discrete event simulation model was developed to simulate the scrap-based steel pro-
duction process, discretizing continuous operation in terms of a one-hour time step. The
model uses the Monte Carlo (MC) method to simulate hammer degradation, heterogene-
ity of scrap, demand variation, failure incidents, and uncertainty in maintenance. By
hammer and machine status update, the model calculates the critical variables like Pt
and bt. The efficiency of the maintenance policy is quantified through the operational and
maintenance expenditures accumulated over the simulation period. To provide clarity,
the parameters and their values used in the simulation are summarized in Table 2.

3 Reinforcement Learning and Optimization

To determine the optimal maintenance policy, we utilize RL. This approach allows the
agent to learn the dynamics of the environment through model-free interactions. The
agent can effectively adapt and improve its decision-making over time by sampling and
experiencing various trajectoriescomposed of sequences of consecutive states, actions, and
rewards. Through trial and error, it learns to optimize costs, which we provide as penal-
ties, to find the optimal policy. As mentioned earlier, the first step is to define the problem
as a Markov Decision Process.

3.1 Markov Decision Process Formulation

The problem is formulated as a Markov Decision Process (MDP), which is defined by a
tuple (S, A, R), where:

• S is the set of states,

• A is the set of actions, and

• R is the reward function,
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Table 2: Parameters and values used in the simulation
Par Description Value

n Number of hammers 20 components
h1 Buffer level for decreasing production pace to T2 16 ton
h2 Buffer level for increasing production pace to T1 4 ton
αT1 Shape parameter for T1 1
βT1 Scale parameter for T1 0.1
αT2 Shape parameter for T2 0.5
βT2 Scale parameter for T2 0.12
c1 Production constant for T1 1
c2 Production constant for T2 0.8
µρt Mean parameter for iron percentage 1 ton
σρt Standard deviation for iron percentage 0.1 ton
λFs Distribution parameter for CM duration in the second workstation 3 hours
µdt Mean parameter for demand 10
σdt Standard deviation for demand 1
λFf

Distribution parameter for failure events at the second workstation 336 hours

λFa Distribution parameter for Ta 10 hours
cr Cost per hammer replacement 230 un./component
ci Cost per inspection 50 un.
cs Inventory carrying cost 0.1 un./ton.hours
cl Cost per unit of unmet demand 100 un./ton
cf Cost per failure event of the shredder 3000 un.
TP Time for inspection (fixed) 4 hours
Tu Time per hammer replacement 1 hour
Ta Additional time for CM -
Ts Second workstation time interval for PM 24 hours
Td PM duration for the second workstation 2 hours
K Buffer capacity 35 ton

3.1.1 State Definition

State definition is a crucial step in formulating the Markov Decision Process (MDP). The
agent learns the environment’s behavior and determines the optimal action by observing
the defined system states. The system states st should encompass both machine- and
system-level data, represented as a vector containing the necessary information for the
agent to understand the shredder’s degradation process and production line dynamics.

For the considered system, the instantaneous shredder production rate Pt, buffer level
bt, and RULt can represent the system’s dynamics. Pt informs the agent about the shred-
der’s degradation, bt helps understand the dynamics between workstations, and RULt
indicates the second workstation’s operation.

The system state vector st is defined as:

st = [Pt, bt, RULt] (3.1)

All variables are accessible and trackable in real life. Flowmeters can measure Pt
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and dt, while a level meter measures bt. These variables serve as proxies for system and
machine deterioration, as bt and Pt correlate with shredder health, and RULt indicates
the second station’s operational state.

While continuous, these variables are discretized via state aggregation. Despite infor-
mation loss during discretization, this is done because we are using a Q-learning based
algorithm that requires a discrete state and action space. Limiting consideration to a few
discrete deterioration states simplifies decision-making. Practical applications often re-
quire discrete states due to economic and technical considerations, as continuous condition
monitoring can be infeasible or costly.

State aggregation was performed as follows: Pt is divided into four states: high pro-
ductivity rate (0), intermediate productivity rate (1), low productivity rate (2), and
non-producing (3), indicating shredder failure. bt has five states: full level (0), upper-
intermediate level (1), intermediate level (2), pre-intermediate level (3), and low level (4).
The RUL state is determined based on an 80% system lifetime. If RULt is 80% or higher
of the lifetime, the second workstation is in the high RUL state (0), indicating that it is
relatively far from failure. If the RUL is below this value, the second workstation will
be in the low RUL state (1), indicating that it is near failure and requires more critical
attention. The aggregation creates a three-dimensional state space.

3.1.2 Action Definition

The action taken by the agent determines whether the shredder should be shut down for
preventive maintenance (PM). At each time step t, the agent can choose an action at as
follows:

at =

{
0, Keep the system running

1, Shutdown for maintenance
(3.2)

There are two scenarios which are automatically activated by the simulation environ-
ment based on industry standards. The first scenario arises when the buffer level hits
critical thresholds (K or 0), triggering an automatic shutdown of the first workstation for
PM. The second scenario is triggered by a machine failure, which immediately activates
CM on the shredder machine. The reward in such cases is calculated to penalize the
agent for allowing the failure to occur. The action options are constrained for the first
workstation, focusing on developing a maintenance policy specifically for the shredder
machine.

3.1.3 Reward Function Definition

The reward function rt should align with the maintenance objective, as the agent’s mission
is to maximize the expected cumulative reward. It is expressed as a stepwise objective
function, enabling the agent to learn a suitable maintenance policy. The rt includes all
inspection, maintenance, and operating costs associated with maintenance actions in the
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shredder machine and is defined as:

rt = −clUt − csbt − at (ci + cr(Nr(t)−Nr(t− 1)))

−WCM(t)>CM(t−1) (cf + ci + cr(Nr(t)−Nr(t− 1))) (3.3)

At each time step t, the reward function returns a combination of the instantaneous
operating cost, including the cost of unmet demand (clUt) and inventory carrying cost
(csbt), with the cost associated with maintenance actions. The action at is a binary
variable equal to 1 if the agent chooses to perform a PM action and 0 otherwise. When
at is 1, the cost of that PM action is included in the reward function. WA is a Bernoulli
variable equal to 1 if event A is realized and 0 otherwise. If the cumulative amount of CM
actions at time t is greater than at time (t− 1), indicating a system breakdown between
times t − 1 and t, WCM(t)>CM(t−1) is 1, and the cost of that CM action is included in
the reward function. The cost of replacing defective and failed hammers in both PM and
CM is calculated by the difference between Nr(t) and Nr(t− 1), the cumulative quantity
of hammers replaced at times t − 1 and t. The negative sign in all terms indicates that
maximizing rt implies minimizing the total cost.

3.2 Q-learning and Optimization

Q-learning is a model-free RL algorithm that aims to find the optimal action-value func-
tion, Q(s, a), which represents the expected cumulative reward of taking action a in state
s and following the optimal policy thereafter. Since we do not have the model of the
environment, meaning that we do not know the transition probability matrix and the
behavior of the environment, we need to sample. This means that we allow the agent
to move in the environment and explore different paths, and optimize its policy with the
information it obtains. Q-learning is an off-policy algorithm, meaning that the policy
used for exploration and sample generation is different from the policy being optimized.
This algorithm uses the temporal difference (TD) method to update the Q-table for each
state-action pair.

The Q-learning algorithm can be described as follows:

1. Initialize the Q-table with arbitrary values.

2. For each episode:

(a) Initialize the state s.

(b) For each step:

i. Select action a in state s using an exploration policy (e.g., ϵ-greedy).

ii. Take action a, observe reward r and next state s′.

iii. Update the Q-value for state s and action a using the following equation:

Q(s, a) = Q(s, a) + α[r + γmax
a′

Q(s′, a′)−Q(s, a)] (3.4)

iv. Set s = s′.
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4 Results And Conclusion

4.1 Results

The Q-learning algorithm used in this research depends on a tabular approach for approx-
imating action-value functions. As seen in table 3, there are 50,000 training episodes in
total, with each consisting of a cap of 500 time steps. The learning rate parameter is set
to 0.01 and the discount factor parameter is set at 0.99 in order to ensure that the agent
does not overlook due credit for remote rewards. The epsilon-greedy policy is initialized
at 0.7, and this decreases gradually by a factor of 0.9995 each episode, to a minimum
exploration rate of 0.01. This gives a balance of exploration and exploitation, where the
agent first explores and then exploits more and more learned policy.

The training procedure includes 1,000 interactions under the simulation framework.
During every interaction, the agent updates the Q-values following the actions that were
taken and the rewards it received. The model’s action-selection process takes a typical Q-
learning approach with the action maximizing the Q-value being selected by a probability
under the epsilon-greedy policy.

Figure2 illustrates the moving average reward plot over 50,000 episodes. The initial
moving average reward is very low at around -2 million and rises gradually as the agent
learns from its experience. The increase indicates the agent is improving over time by
learning from the environment and refining its decision-making process.

In the episodes, variations in the reward values are observed, which is typical in RL as
the agent experiments with different methods and activities. Such variations mean that
even during learning, the agent occasionally performs sub-optimal actions that result in
temporary dips in the reward.

As the episodes increase, the moving average reward becomes stable and trends up-
wards consistently. This indicates that the agent had learned an optimal or near-optimal
policy, as evidenced from the higher and more stable rewards. At the end of the 50,000
episodes, the agent consistently improves, and the moving average reward converges to
-1.1 million.

Figure 2: Moving Average Reward
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Table 3: Q-learning parameters
Par Value
Number of episodes 50000
Learning rate 0.01
Discount factor 0.99
epsilon 0.7
epsilon-decay rate 0.9995

Once verified that the training process is stable, the second important step is to verify
how well the produced maintenance policy works. That is to determine the optimal
maintenance action in each state-space configuration by examining a heatmap.

A Q-value heatmap is an efficient way to represent the performance of an RL agent,
particularly for action choice. Each data point in figure 3 is a state-action tuple and is
denoted by its associated Q-value, the forecasted future reward for taking some action
in some state. The bold value in the heatmap is the maximal Q-value that is associated
with the best choice action from what the agent has learned so far.

For each combination (P,B,RUL), there are two Q-values for “action = 0” (Keep the
system running) and “action = 1” (Shutdown for PM). Because a more negative Q-value
means higher long-term cost, we look at both the numerical values and the color shading
to identify the main patterns:

Lighter shades (yellowish) indicate less negative values, hence lower long-term cost.
Such cells usually correspond to “high buffer,” “high RUL,” and “good production.” In
these states, continuing to run the system (action 0) tends to be more cost-effective, as
long-term costs are relatively small.

Darker shades (orange or red) indicate more negative values and thus higher long-term
costs. They typically appear when the buffer is empty, or the RUL is low (high failure
risk), or the production is already low. Under these conditions, repair (action 1) is often
more economical in the long run—although in some cells you may still see that continuing
operation is better, it’s common that unexpectedly severe failures are very costly, which
makes earlier maintenance worthwhile.

In high production and high buffer level states, continuing operation is usually more
beneficial.

In medium and low production states with low buffer levels, stopping for maintenance
might be more beneficial.

When the buffer level is high and the RUL is low, the agent typically decides not to
take action. This is because it predicts that the second workstation is likely to fail
soon. Initiating maintenance on the first workstation in this situation would result in
unnecessary costs.

The weaker the production state and the lower the RUL, the stronger the incentive to
carry out repairs.

A key change from Fer- reira Neto et al. [1] approach is that now we rely on RUL.
This replacement means the agent can leverage (Buffer,RUL) information to decide main-
tenance timing more effectively. RUL is a better predictor of imminent failure risk than
demand.
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Figure 3: Action-Value Table

Figure 4 shows the RUL over time, with each point as the RUL at a specific step.
The RUL starts high, around 700, and gradually decreases as time passes, which would
naturally happen as the second workstation ages.

Towards the end of the graph, specifically between step 90 and step 100, the RUL
continues to slowly decrease, which shows the second workstation is approaching its end
of life. This slow decrease, represents reflects the continuous degradation of the second
workstation over time.

After the second workstation failure, the RUL suddenly rises to 350, most likely show-
ing a maintenance action that had been accomplished to recover the second workstation’s
condition and extend useful life. Such a recovery in RUL is usual after repairs or replace-
ment of parts.

Figure 4: Example of RUL Over Time

In Figure 5, the levels of degradation for the hammers rise progressively. This indicates
that the hammers are degrading steadily and can move to the ”minor defective” , ”major
defective” or ”failed” conditions (degradation moves towards 0.2 and higher). When the
degradation drops suddenly, it usually indicates maintenance activities. During mainte-
nance interventions, all hammers with a degradation value higher than 0.2 are replaced.
After these activities, the hammers return to a healthier state.
As we can see, at the time marked by the vertical dashed line, maintenance is done. At
this time, hammers 3 and 4, whose degradation values were greater than 0.2 were replaced.
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Figure 5: Example of Hammer Degradation Over Time

The following plot 6 shows the relationship between the mean hammer degradation
and the production rate of the shredder at time t, denoted by Pt. From the plot, we
observe that there is a clear negative correlation between the two variables. As the mean
hammer degradation increases, the production rate tends to decrease. This implies that
as the hammers degrade over time, their efficiency in performing the shredding activity
diminishes, leading to a reduction in production rate. When the hammers are in better
condition (lower degradation), the production rate is higher, as expected. Therefore,
maintaining the hammers in a well-conditioned state (with minimal degradation) is crucial
for achieving a high level of production.

Figure 6: Impact of Hammer Degradation on Production Rate

4.2 Conclusion

This study suggests a Q-learning-based optimization method for determining the optimal
inspection and maintenance schedule of a shredder machine in a scrap-based steel produc-
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tion line. Unlike the traditional methods, this method employs Q-learning to recommend
the best time to perform inspections and maintenance activities based on the real-time
monitoring of the key production line variables, including the production rate, buffer level,
and RUL of the second workstation.

The scrap-based steel production line is modeled as a complex multi-component system
taking into consideration component interdependencies, maintenance time uncertainties,
and random production rates. An overall mathematical model of the production line is
established, and a simulation model is built to generate data and investigate the perfor-
mance of the proposed maintenance policy.

The Q-learning algorithm is applied in the simulation model to train the decision-
making agent, which learns to select the optimal maintenance actions based on the system
states. These system states consist of key factors like production rate, buffer level, and
RUL, which influence the decision-making. The Q-learning model is demonstrated to be
convergent, and the trained agent exhibits good stability in the prediction of maintenance
actions.

This approach allows the agent to efficiently learn an optimal maintenance policy
by constantly observing readily available and economic system conditions in real-world
applications, i.e., degradation-related indicators. The results show that Q-learning can
effectively be applied in dynamic and complex systems like the scrap-based production
line for improving maintenance management and overall system performance.
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Abstract

The mean residual life (MRL) function is a fundamental concept in survival
analysis and reliability. In addition to characterizing the survival distribution, its
clear interpretability makes it particularly useful for conveying survival information
to non-statisticians. Ranked set sampling (RSS) is a sampling technique designed
for situations where obtaining precise measurements of sample units is costly or
challenging, while ranking them without relying on exact values is more feasible
and cost-effective. However, its practical application is limited by the requirement
that each sample unit must be assigned a unique rank. To address this challenge,
Frey introduced an innovative variation of RSS, called RSS-t, that integrates tie
structure into the ranking process for improved effectiveness. In this paper, we use
the RSS-t technique to estimate the MRL function. Then, we compare the proposed
estimators with their counterparts in simple random sampling (SRS) and standard
RSS using Monte Carlo simulation. Our results show that incorporating tie infor-
mation enhances statistical inference for the MRL function, reducing the sample
size required to achieve a predetermined precision.
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1 Introduction

The mean residual life (MRL) is a widely used concept for modeling lifetime data in
reliability, survival analysis, and other fields of applied probability and statistics. Suppose
X is a non-negative random variable, representing the lifetime of a unit, with finite mean
µ and survival function S(t) = P(X > t). The mean residual lifetime function at time
t ≥ 0 is defined by

m(t) = E (X − t|X > t) =

∫∞
t
S(x)dx

S(t)
, (1.1)

provided that S(t) > 0. If S(t) = 0, then m(t) is defined to be zero. The MRL an-
swers an important and easy to interpret question what is the remaining life expectancy
of an individual who has survived until time t? This question is an important topic for
many non-statistician scientists because, unlike the survival or hazard functions, it con-
veys information in units of time rather than a probability scale, which requires careful
interpretation.

In recent decades, various methods based on simple random sampling (SRS) technique,
have been developed to estimate MRL function. [4] proposed a nonparametric estimation
of the MRL function by substituting the survival function with the empirical survival
function in Equation (1.1) and analyzing the asymptotic properties of the estimator for
a fixed value of t over a finite interval.

In various fields such as medicine, agriculture, and environmental studies, measuring
the variable of interest can be costly, time-consuming. However, there is some extra
information such as an expert judgment, personal opinions, or concomitant variables with
little or no cost, which can be effectively used to obtain a more representative sample of
the population. Ranked set sampling (RSS), a sampling technique introduced by [3], is
suitable for these situations. One of the challenges of RSS compared to SRS is the need to
accurately rank sample units without relying on precise measurements. When the ranker
encounters uncertainty in ranking adjacent units within a set, they often randomly select
one from the tied units to proceed with RSS. Such situations occur frequently in real-
life applications. [2] proposed a novel variation of RSS, called RSS-t, which records and
utilizes the structure of tied units for estimation.

In this paper, we propose two RSS-t nonparametric estimators for the MRL function.
To compare the performance of these MRL estimators, we conducted a Monte Carlo sim-
ulation study with two different classes of tie-generating methods (DPS and TIC). Our
results suggest that incorporating tie information into RSS enhances estimator efficiency.
In Section 2, we describe RSS and RSS-t in detail. Section 3 describes two MRL esti-
mators using RSS-t. In Section 4, we conduct a comprehensive Monte Carlo simulation
to compare the performance of the proposed MRL estimators with their counterparts in
SRS and RSS techniques. Some concluding remarks are provided in Section 5.

2 Sampling plan for RSS-t

In this section, we provide a detailed description of how to draw samples using RSS and
RSS-t. To obtain a balanced RSS with a total sample size of n = m×r, where m (set size)
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and r (cycle size) must be determined before sampling, the following steps are carried out:

[itemsep= 0.8ex]Select m simple random samples with size m from the population.
Rank each set from smallest to largest, either virtually or by any cost-effective
method. Actual measurements are taken only on the ith smallest units in each ith
set, where i = 1, . . . ,m. Repeat the above steps r times.

The final sample is denoted as {X[i]j, i = 1, . . . ,m; j = 1, . . . , r}, where X[i]j is the ith
ordered judgment unit in the jth cycle. The square brackets in the subscription indicate
that in-set ranking may contain errors due to subjective judgment or ranking based on
an auxiliary variable. This is often referred to as imperfect RSS in the literature. If the
ranking process is error-free, the square bracket is replaced with round one, and X(i)j

becomes the ith order statistics from jth cycle with set size m, where known as perfect
RSS.

The RSS-t technique is similar to standard RSS, with the difference that in RSS-t,
along with the values of X[i]j, a tie information matrix is also recorded for each cycle as
follows:

Tj =

 I[1]j1 . . . I[1]jm
...

...
...

I[m]j1 . . . I[m]jm

 ,
where j = 1, . . . , r. The ith row of the matrix Tj shows the tie structure corresponding to
X[i]j, where the indicator variable I[i]jk is one, if the unit with judgment rank i is tied for
rank k in the jth cycle for k = 1, . . . ,m, and zero otherwise. It is clear that the judgment
rank i is always tied with itself, so I[i]ji = 1 for i = 1, . . . ,m. In RSS-t, like RSS, ties are
randomly broken when the researcher cannot differentiate between two or more adjacent
ranks. However, in RSS-t, the structure of tied units is recorded in matrices for later use.
Consequently, RSS-t can be considered a generalized form of RSS. If T1 = . . . = Tr = Im,
where Im is the identity matrix of size m, then RSS-t simplifies to RSS. Table 1 illustrates
the construction of an RSS-t with a cycle size of r = 2 and a set size of m = 4. In this
table, Xi,j,k represents the ith ordered judgment unit of the kth set in the jth cycle. Tied
units are connected using ampersands, and the final quantified unit in each row, which is
randomly selected from the tied units, is indicated in bold.

3 Estimation of the MRL function

In this section, we present a brief overview of the MRL function estimators based on
SRS and RSS techniques, and then introduce our proposed estimators using the RSS-t
technique.

Let X1, . . . , Xn be a simple random sample of size n, drawn from a population with
the survival function S(t). A basic nonparametric estimator of the MRL function was
first defined by [4] by replacing the survival function in equation (1.1) with the empirical
survival function, as follows

msrs (t) =

∫ +∞
t

Ssrs (x) dx

Ssrs (t)
I (Ssrs (t) > 0) , (3.1)
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Table 1: An example of RSS-t with r = 2 and m = 4.

Cycle Set Ranked units
Quantified unit

with RSS-t notation

Tie information

matrix

1 1 X1,1,1&X2,1,1&X3,1,1, X4,1,1 X[1]1

T1 =


1 1 1 0

0 1 0 0

0 1 1 0

1 1 1 1


2 X1,1,2,X2,1,2, X3,1,2&X4,1,2 X[2]1

3 X1,1,3,X2,1,3&X3,1,3, X4,1,3 X[3]1

4 X1,1,4&X2,1,4&X3,1,4&X4,1,4 X[4]1

2 1 X1,2,1, X2,2,1&X3,2,1&X4,2,1 X[1]2

T2 =


1 0 0 0

0 1 0 0

0 0 1 1

0 0 0 1


2 X1,2,2,X2,2,2, X3,2,2, X4,2,2 X[2]2

3 X1,2,3&X2,2,3,X3,2,3&X4,2,3 X[3]2

4 X1,2,4&X2,2,4, X3,2,4,X4,2,4 X[4]2

where Ssrs (t) =
1
n

∑n
i=1 I (Xi > t) is the empirical survival function and I(A) represents

the indicator function on the set A. Noting that
∫∞
t

I (X > x) dx = (X − t) I (X > t), it
is easy to show that msrs (t) can be rewritten as

msrs (t) =
1∑n

i=1 I (Xi > t)

n∑
i=1

(Xi − t)I (Xi > t) , (3.2)

given that
∑n

i=1 I (Xi > t) > 0, otherwise the entire expression is defined as zero.
Let {X[i]j; i = 1, . . . ,m, j = 1, . . . , r} be a ranked set sample of size n = r × m,

obtained from a population with the survival function S(t). [5] proposed a nonparametric
estimator of the MRL function based on RSS. They assumed the ranking mechanism
is consistent, meaning that the same ranking mechanism is applied to all sets of size m.
Under this assumption, the survival function S(t) is given by S (t) = 1

m

∑m
i=1 S[i](t), where

S[i] represents the survival function of the ith judgment order statistic in the sample of
size m. Based on this, they reformulated the MRL function as follows

m (t) =
1

S(t)

∫ +∞

t

1

m

m∑
i=1

S[i] (x)dx

=
1

m

m∑
i=1

∫ +∞
t

S[i] (x) dx

S(t)

=
1

m

m∑
i=1

S[i] (t)

S (t)
m[i] (t), (3.3)

where m[i](t) = E
(
X[i] − t|X[i] > t

)
=

∫∞
t S[i](x)dx

S[i](t)
. By replac-

ing S[i],rss (t) = 1
r

∑r
j=1 I(X[i]j > t), Srss (t) = 1

m

∑m
i=1 S[i],rss(t), and

m[i],rss (t) =

∫ +∞
t

S[i],rss (x) dx

S[i],rss(t)
I
(
S[i],rss(t) > 0

)
with S[i], S and m[i], respectively, in
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equation (3.3), we can obtain the estimator of the MRL function based on RSS as follows

mrss (t) =
1

m

m∑
i=1

S[i],rss (t)

Srss (t)
m[i],rss (t) I (Srss(t) > 0) . (3.4)

It is easy to show that mrss (t) can be rewritten as

mrss (t) =
1∑m

i=1

∑r
j=1 I

(
X[i]j > t

) m∑
i=1

r∑
j=1

(
X[i]j − t

)
I
(
X[i]j > t

)
, (3.5)

provided that
∑m

i=1

∑r
j=1 I

(
X[i]j > t

)
> 0, otherwise the entire expression is defined as

zero.

A common way to incorporate the tie information in the estimation process is to split
each tied unit among the corresponding strata based on the ranks for which the unit is
tied. If a measured unit is tied for k different ranks, then it is assigned to each of those k
strata with a weight of 1/k instead of 1. This splitting strategy has been proposed by [2]
for estimating the population mean. Based on this approach, the estimator of the survival
function S(t) can be expressed as

Ssp (t) =
1

m

m∑
i=1

S[i],sp (t), (3.6)

where

S[i],sp (t) =
1

ni

m∑
l=1

r∑
j=1

I[l]ji∑m
k=1 I[l]jk

I
(
X[l]j > t

)
, (3.7)

with ni =
∑m

l=1

∑r

j=1

I[l]ji∑m
k=1 I[l]jk

, and I[l]jk is the indicator variable in the lth row and

kth column of matrix Tj. Thus, the first MRL estimator based on RSS-t is given by

msp (t) =
1

m

m∑
i=1

S[i],sp (t)

Ssp (t)
m[i],sp (t) I (Ssp(t) > 0), (3.8)

where m[i],sp (t) =

∫ +∞
t

S[i],sp (x) dx

S[i],sp(t)
I
(
S[i],sp(t) > 0

)
.

The second estimator of the MRL function based on RSS-t is suggested based on the
requirement that the survival function of sample units in the judgment strata are expected
to adhere to the order restriction

S[1](t) ≤ · · · ≤ S[m](t), (3.9)

for all t ∈ R. This constraint clearly holds under perfect ranking assumption where S[i](t)
follows the survival function of the ith order statistic of a sample of size m. However,
sample estimates of these quantities often violate the restriction due to sampling noise,
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especially for small sample sizes. To address this issue and improve estimation, we propose
an isotonized version of msp (t), which is given by

miso (t) =
1

m

m∑
i=1

S[i],iso (t)

Siso (t)
m[i],iso (t) I (Siso(t) > 0), (3.10)

where Siso (t) =
1

m

m∑
i=1

S[i],iso (t), m[i],iso (t) =

∫ +∞
t

S[i],iso (x) dx

S[i],iso(t)
I
(
S[i],iso(t) > 0

)
and

S[i],iso (t) = max
1≤r≤i

min
i≤k≤m

k∑
l=r

nlS[l],sp (t)

k∑
l=r

nl

, i = 1, 2, . . . ,m. (3.11)

The estimates S[1],iso, . . . , S[m],iso, obtained from the equation (3.11), are isotonized es-
timates of S[1],sp, . . . , S[m],sp with weighted sample sizes n1, . . . , nm, respectively. These

estimates minimize the weighted least square
∑m

i=1 ni
(
S[i],sp(t)− S[i](t)

)2
under the re-

stricted space {S(t) ∈ [0, 1];S[1](t) ≤ . . . ≤ S[m](t)}, and therefore they follow the order
restriction (3.9).

4 Monte Carlo simulation

In this section, we compare the performance of the RSS-t estimators of the MRL function
to the RSS and SRS estimators, using Monte Carlo simulation. The simulations were run
with 100,000 repetitions in R, considering different set sizes and ranking quality. To do
this, we examine a gamma distribution with shape parameter 0.5 and scale parameter
1, denoted G (0.5, 1), with an increasing MRL function. We used different set sizes m ∈
{3, 5}, and a sample size of n = 15. To generate the ranking process in RSS and RSS-t,
we applied the linear ranking model proposed by [1]. This model assumes that for each
set of size m, the ranking is determined by the perceived value of a variable Y , while the
variable of interest is X. The model is described as follows

Y = ρ

(
X − µx
σx

)
+
√
1− ρ2Z,

where µx and σx are the mean and the standard deviation of X, respectively, Z is a
random variable follows a standard normal distribution, independent of X, and ρ ∈ [0, 1]
is the correlation coefficient between X and Y , which controls the quality of the ranking
process. The parameter ρ takes its values from the set {1, 0.8, 0.5}. A perfect ranking
occurs when ρ = 1. A fairly good ranking occurs when ρ = 0.8. A weak ranking occurs
when ρ = 0.5. We used the mean squared error (MSE) to evaluate the accuracy of the
proposed estimators and calculated the simulated relative efficiency (RE) with respect to
msrs(t). For instance, the relative efficiency of mrss(t) compared to msrs(t) is given by

RE (t) =
MSE (msrs (t))

MSE (mrss (t))
,
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where MSE(θ̂) = 1
100,000

∑100,000
l=1 (θ̂l − θ)

2
is the simulated MSE of an estimator θ̂ of a

parameter θ based on 100,000 iterations. According to the definition of relative efficiency,
when RE(t) is greater than one, it indicates an advantage of the RSS estimator, while a
value smaller than one indicates an advantage of the SRS estimator. We note that the
RE(t) is estimated for t = Q(p), where Q(p) represents the pth quantile of the chosen
distribution, with p ranging from 0.01 to 0.99.

In the literature, two common methods for generating ties in rankings are Discrete
Perceived Size (DPS) and Tied-if-close (TIC). In the DPS method, the perceived value
Y is discretized using an operation such as [Y/c], where [y] is the greatest integer less
than or equal to y, and c > 0 is a user-chosen model parameter. We declare ties between
the ith and jth units in the set of size m, if their perceived values are close enough, such
that [Yi/c] = [Yj/c]. In the TIC method, we declare ties between the ith and jth units
in the set of size m, if |Yi − Yj| < c, where c > 0 is a user-chosen model parameter. Due
to the transitive property of ties, the ith and jth units can be considered as tied, even
when |Yi − Yj| ≥ c, given the presence of other perceived values that bridge the gap. Both
methods can approximate a wide range of real situations. In the DPS method, we set
the c values from the set {0.5, 1, 2, 4} and in the TIC method, c takes values from the set
{0.25, 0.5, 1, 2}.

Figures 2 and 1 illustrate the simulation results for m = 5 and m = 3, respectively,
under DPS method. Similarly, Figures 3 and 4 present the simulation results for m = 5
and m = 3, respectively, under TIC method. By comparing these figures, we observe that
the RE (p) generally decreases as set size m decreases. This observation is consistent with
the findings reported in most RSS studies. All figures clearly demonstrate that the REs
of the three estimators exhibit a decreasing trend as p increases. The top four panels in
Figure 2 present the results under perfect ranking (ρ = 1). It is clear from these panels
that the efficiency improvements gained from utilizing the RSS-t estimators in comparison
to its SRS counterpart can be substantial, reaching up to 200% for small values of p. In the
second and third rows of Figure 2, the simulation study results are displayed for ρ = 0.8
and ρ = 0.5, respectively. The trends observed in the REs of these three estimators within
these rows closely resemble those of the top panels. The only distinction is that the REs
in these panels are lower compared to their counterparts in the case of perfect ranking,
as one would anticipate. Among these three estimators, it is evident that mrss(t), which
ignores the tie information, generally exhibits weaker performance than the other two
estimators which use the tie information, especially when p < 0.6. This finding supports
the conclusion that incorporating tie information in the RSS technique improves the
estimation of the MRL function. Additionally, in the comparison between msp(t) and its
isotonized version, miso(t), we observe that miso(t) demonstrates slightly higher efficiency
in all considered cases. However, the REs are so close that the two curves overlap in
all figures, making them indistinguishable from each other. Therefore, miso(t) has better
performance than msrs(t) and msp(t) in nearly all the settings, which can be attributed
to the fact that the order constraint (3.9) is satisfied in this simulation study. We observe
from Figures 3 and 4 that the general pattern of the RE curves for the three estimators
is consistent with that presented in Figures 2 and 1.
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Figure 1: Simulated efficiencies of mrss (green line), msp ( red dash line) and miso (blue
dotted line) with respect to msrs as a function of p, for G(0.5, 1) distribution, under DPS
method, when c ∈ {0.5, 1, 2, 4}, ρ ∈ {1, 0.8, 0.5}, and {n,m} ∈ {15, 5} .
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Figure 2: Simulated efficiencies of mrss (green line), msp ( red dash line) and miso (blue
dotted line) with respect to msrs as a function of p, for G(0.5, 1) distribution, under DPS
method, when c ∈ {0.5, 1, 2, 4}, ρ ∈ {1, 0.8, 0.5}, and {n,m} ∈ {15, 3} .
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Figure 3: Simulated efficiencies of mrss (green line), msp ( red dash line) and miso (blue
dotted line) with respect to msrs as a function of p, for G(0.5, 1) distribution, under TIC
method, when c ∈ {0.25, 0.5, 1, 2}, ρ ∈ {1, 0.8, 0.5}, and {n,m} ∈ {15, 5} .
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Figure 4: Simulated efficiencies of mrss (green line), msp ( red dash line) and miso (blue
dotted line) with respect to msrs as a function of p, for G(0.5, 1) distribution, under TIC
method, when c ∈ {0.25, 0.5, 1, 2}, ρ ∈ {1, 0.8, 0.5}, and {n,m} ∈ {15, 3} .
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5 Conclusion

The mean residual life (MRL) function plays an important role in in survival analysis and
reliability engineering. This fields can be costly due to the need for expensive equipment
or long follow-up periods. In such situations, where ranking the variable of interest using
a cost-effective method is feasible, employing a cost-effective sampling method, such as
ranked set sampling (RSS) or its modifications, instead of simple random sampling (SRS),
is recommended. This approach reduces the required sample size to achieve the desired
level of precision. In RSS, the researcher must assign a unique judgment rank to each set
of size m. If there is uncertainty in ranking certain adjacent units, RSS can only proceed
once the tied units are randomly broken. RSS-t, proposed by [2] as a novel variation of
RSS, records and utilizes the structure of tied units for use in estimation.

In this paper, we proposed two MRL estimators using the RSS-t technique. Then we
compared their performance with counterparts in RSS and SRS through a Monte Carlo
simulation study. Our simulation results suggest that incorporating the tie information
into RSS improves the efficiency of estimators.
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Abstract

Survivability of important real-world systems such as satellites, aircraft, and
submarines is vital as their failures can lead to significant economic losses and
operational risks. An effective approach to enhance system survivability and reduce
failure probability is to implement a mission abort policy. The mission is halted
and recovery measures are initiated when the risk of system failure exceeds a
certain level. This paper discusses a coherent system consisting of independent,
heterogeneous components with a mission abort policy. Under survival signatures,
we develop a probabilistic model to evaluate system survivability. With the help of
elaborate illustrative examples, we compare different abort rules.

Keywords: Reliability, Survival signature, Mission abort policy, Mission
success probability, System survival probability.

1 Introduction

Many real-world critical systems are designed to perform specific missions for a prede-
termined duration. The mission success probability (MSP) is commonly used as a key
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measure to evaluate the mission-wise dependability of such systems (see, e.g., [6, 27]).
However, in cases where mission failure can lead to severe economic losses or operational
risks, ensuring the survival of the system may be more critical than mission completion.
Examples of such critical systems include Unmanned Aerial Vehicles (UAVs), airplanes,
and complex data-processing computer systems. Previous studies (e.g., [23, 19]) have
sought to improve both the probability of mission success and the systems survival prob-
ability.

A mission abort policy serves as an effective strategy for enhancing system survival
and minimizing failure risks in high-stakes environments. In this approach, a mission
may be terminated when a predefined failure condition is met, such as the failure of
a certain number of components, allowing for immediate rescue procedures to mitigate
financial and operational losses. Such policies are particularly useful in applications where
system survivability is paramount. Earlier research has examined mission abort strategies
for various system configurations, including redundant systems [7], k-out-of-n systems
[20], and warm standby systems with dynamic task arrivals [34, 2]. More recent studies
have explored mission abort policies in stochastic environments influenced by random
shocks [13, 14] and scenarios involving multiple mission attempts and rescue operations
[15, 17, 18].

In addition, several studies have investigated mission abort policies under different
conditions, including systems with minor and major failures [3, 26], multi-state systems
[16, 31], and UAVs with optimized route planning and termination strategies [22]. Re-
cent research has also examined mission abort strategies based on degradation processes
[25, 8, 32] and systems with incomplete state monitoring [5]. Furthermore, dynamic res-
cue policies and cost-minimizing mission abort strategies have been analyzed in various
contexts [33, 4].

Most existing studies on mission abort policies do not explicitly consider system
structure, with notable exceptions such as [20], who analyzed k-out-of-n systems with
exponentially distributed component lifetimes. However, mission abort strategies for gen-
eral coherent systems, especially those with heterogeneous components, remain largely
unexplored. Addressing this gap is the primary objective of the present paper.

To achieve this, we introduce a novel signature-based approach that enables the for-
mulation of new optimization problems that have not been previously considered. While
our earlier work [10, 11] introduced a signature-based mission abort policy for systems
with independent and identically distributed (i.i.d.) components, the assumption of iden-
tical component lifetimes is often unrealistic in practice. In this paper, we extend the
methodology to accommodate systems with heterogeneous components by utilizing the
concept of survival signatures, as introduced by [4] and further developed by [5].

A coherent system is defined as a system whose structure function is increasing
in each components state, with all components contributing to system performance [1].
The signature vector s = (s1, s2, . . . , sm) is a well-established tool for analyzing the re-
liability of such systems [12, 28]. When all components are i.i.d., the system lifetime
distribution can be expressed in terms of its signature. Navarro et al. [21] extended this
representation to systems with continuous and exchangeable component lifetimes. Let the
coherent system consist of m components with independent and identically distributed
(i.i.d.) lifetimes. Let also T denote the system lifetime. Using the concept of signature,
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the reliability function F̄T (t) of the system can be represented as

F̄T (t) = P(T > t) =
m∑
i=1

siP(Xi:m > t),

where Xi:m denotes the ith ordered component lifetime and

si = P(T = Xi:m), i = 1, 2, ...,m,

is the ith element of the signature vector. Navarro et al. [21] proved that such a rep-
resentation also holds in the case where the component’s lifetimes are continuous and
exchangeable random variables.

Karimi et al. [11] employ the survival signature, a generalization of the traditional
signature concept that accounts for multiple component types. Let a system consist of
m components, categorized into H distinct types, where mh represents the number of
components of type h ∈

{
1, 2, ..., H

}
, such that

∑H
h=1mh = m. The survival signature,

denoted as Φ(l1, l2, . . . , lH), expresses the probability that the system remains functional
given exactly lh operational components of type h ∈

{
1, 2, ..., H

}
. Following Hashemi et

al. [9], we use an equivalent dual form:

Φ(l1, l2, ..., lH) = Ψ(m1 − l1,m2 − l2, ...,mH − lH).

This representation is particularly useful for deriving key reliability metrics, including
mission success probability, rescue effectiveness, and system survival probability.

The rest of the paper is structured as follows. Section 2 presents the main results and
the proposed probabilistic model. Section 3 provides the relevant optimization procedures.
Section 4 provides numerical illustrations and detailed discussions.

2 Mission abort strategy

Consider a coherent system consisting of m =
∑H

h=1mh components, categorized into
H distinct types, where mh represents the number of components of type h. The system
is required to operate within the fixed mission duration [0, tM ]. Ensuring the survival
of critical systems is a top priority, as failures can lead to significant operational and
economic consequences.

To address this challenge, we propose a mission abort policy aimed at increasing
system survivability by reducing the probability of catastrophic failure. Under this policy,
a mission is aborted if, at a predetermined critical time ξ (ξ ≤ tM ), the number of failed
components exceeds a specified threshold L. Here, L can take any value from the set
1, 2, . . . ,m− 1. In other words, if the total number of component failures at time ξ, de-
noted as N(ξ), reaches or exceeds L (i.e., N(ξ) ≥ L), the mission is immediately aborted,
and a rescue procedure is initiated to improve system survivability. In this mission abort
and rescue policy, both L and ξ serve as decision variables in the corresponding opti-
mization problem. To facilitate the analysis, we employ the systems survival signature,
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an effective probabilistic tool for assessing system reliability and deriving the relevant
probabilities. The following sections introduce three key methods for identifying.

In the next sections, we will discuss three key methods that are useful for identifying
and evaluating the optimal mission abort policy.

2.1 Mission success probability (MSP)

In the context of mission abort policies, the probability of mission success (MSP) is
a fundamental measure of system dependability (see, e.g., [13, 14]). This metric plays a
crucial role in evaluating the effectiveness of the mission abort policy, as it quantifies the
probability of a system successfully completing its designated mission within the given
time frame.

To derive the MSP within our proposed approach, two key conditions must be
considered. First, the systems lifetime denoted as T , must exceed the mission duration
tM . Second, at the critical time ξ, the total number of failed components, represented
as N(ξ), must not exceed (L − 1), where L is an integer parameter ranging from 1) to
m− 1. In other words, the system can tolerate up to (L− 1) component failures at time
ξ without triggering mission termination.

This condition ensures that, among all instances where the system operates beyond
tM , only those meeting the failure threshold at ξ contribute to mission success. Conversely,
if the number of failed components surpasses (L−1) at ξ, the mission is aborted, reducing
the probability of complete system failure in the remaining mission duration and thereby
enhancing system survivability.

To compute the MSP, we apply the law of total probability. Specifically, we cate-
gorize system realizations based on the number of component failures at ξ and evaluate
the corresponding conditional probabilities. Thus, the MSP denoted as M(L, ξ, tM), can
be formally expressed as follows.

M(L, ξ, tM ) = P(T > tM , N(ξ) ≤ L− 1)

=

L−1∑
l=1

∑
l∈Bl

∑
r∈Dl

P(T > tM | Ni(ξ) = li, Ni(tM ) = ri, i = 1, 2, ..., H)

×P(Ni(tM ) = ri, i = 1, 2, ...,H | Ni(ξ) = li, i = 1, 2, ...,H)

×P(Ni(ξ) = li, i = 1, 2, ...,H)

where l = (l1, l2, ..., lH), r = (r1, r2, ..., rH), Bl =
{
l :
∑H

i=1 li = l
}
, Dl = {r :

li ≤ ri ≤ mi, i = 1, 2, ..., H}. Hashemi et al. [9] have proven that the first conditional
probability in the right-hand side of the last equation is the same as Ψ(r1, ..., rH). There-
fore, we have

M(L, ξ, tM) =
L−1∑
l=1

∑
l∈Bl

∑
r∈Dl

Ψ(r1, ..., rH)P(Ni(tM) = ri, Ni(ξ) = li, i = 1, ..., H). (2.1)
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Therefore, finally

M(L, ξ, tM ) =

L−1∑
l=1

∑
l∈Bl

∑
r∈Dl

Ψ(r1, ..., rH)

H∏
i=1

(
mi

ri

)(
ri
li

)
×{Fi(ξ)}li{Fi(tM )− Fi(ξ)}ri−li{F̄i(tM )}mi−ri . (2.2)

see, for example, [11].
In the special case where all components have a common lifetime distribution F (t),

the MSP can be simplified to

M(L, ξ, tM) = P(T > tM , N(ξ) ≤ L− 1)

=
L−1∑
l=1

P(T > tM , N(ξ) = l)

=
L−1∑
l=1

∑
r∈Dl

S̄L

(
m

r

)(
r

l

)
{F (ξ)}l{F (tM)− F (ξ)}r−l{F̄ (tM)}m−r.

where S̄L =
∑m

j=L+1 sj. Moreover, if ξ = tM , then we have

P(T > tM , N(tM) ≤ L− 1) =
L−1∑
l=0

P(T > tM , N(tM) = l)

=
L−1∑
l=0

S̄L

(
m

l

)
{F (tM)}l{F̄ (tM)}m−l. (2.3)

see, for example, [10].
In the context of mission planning and decision-making, the connection between mis-

sion abort time, mission duration, and mission success probability is of great significance.
By diligently examining and comprehending these interconnections, mission planners can
acquire valuable insights into the determinants that impact the achievement of a mis-
sion. Such information empowers them to make well-informed decisions concerning the
appropriate duration of the mission and, if necessary, to abort it.

Remark 2.1. From Equation (2.2), one can get a simple comparison among the MSPs of
two m-component systems consisting of H groups (of independent components) where the
corresponding groups in the systems have the same number of components. Let T1 and T2
be the system lifetimes with mh components of H types for h = 1, 2, ..., H, that have the
cumulative distribution function (cdf) Fh(t). Let Ψi be the survival signature of system
j, j = 1, 2. If Ψ1(r1, ..., rH) ≤ Ψ2(r1, ..., rH) for all r1, r2, ..., rH , then MSP (1) ≤ MSP (2),
where MSP (j) is the mission success probability corresponding to system Tj, j = 1, 2, for
all cumulative distribution functions F1, F2, ..., FH .

2.2 Rescue procedure

As mentioned previously, in our mission abort model, the rescue procedure (RP) is
activated when at least L components malfunction before the critical time ξ, resulting
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in a mission abort at ξ (provided that the system has not failed until time ξ). For
the survival of the system after abort, its remaining lifetime should be larger than the
RP duration tr(ξ). However, in some instances, it is important that the system not just
survive the RP, but accomplish it without experiencing many component failures. The
latter, among other undesirable consequences, can result, for instance, in more costly
maintenance after the completion of the RP. To deal with it, we suggest an innovative
approach to the management of the RP by introducing the maximal number of failed
components during the RP, K < m − L. Under this new condition, which generalizes
the unconditional case of just survival, the probability of accomplishing the RP, which is
denoted by R(L, ξ, tr(ξ), K), can be defined as

R(L, ξ, tr(ξ), K) = P(T > ξ + tr(ξ), N(ξ + tr(ξ))−N(ξ) ≤ K | T > ξ,N(ξ) ≥ L). (2.4)

This conditional probability can be rephrased as

R(L, ξ, tr(ξ), K) =
P(T > ξ + tr(ξ), N(ξ + tr(ξ))−N(ξ) ≤ K,N(ξ) ≥ L)

P(T > ξ,N(ξ) ≥ L)
.

First, note that the numerator of the last expression can be written as

P(T > ξ + tr(ξ), N(ξ + tr(ξ))−N(ξ) ≤ K,N(ξ) ≥ L)

=
m∑
l=L

min(m−l,K)∑
k=0

P(T > ξ + tr(ξ), N(ξ + tr(ξ))−N(ξ) = k,N(ξ) = l)

(2.5)

On the other hand, the denominator of R(L, ξ, tr(ξ), K) is given as

P(T > ξ,N(ξ) ≥ L) =
m∑
l=L

∑
l∈Bl

P(T > ξ,Ni(ξ) = li)

=
m∑
l=L

∑
l∈Bl

Ψ(l1, ..., lH)
H∏
i=1

(
mi

li

)
{Fi(ξ)}li{F̄i(ξ)}mi−li . (2.6)

Ultimately, the probability R(L, ξ, tr(ξ), K) is determined by dividing expression (2.5)
by expression (2.6).

Remark 2.2. When planning to start a rescue procedure for a system, it is also crucial to
consider the aborting time at the critical time ξ in connection with the mission’s overall
completion time, tM . For instance, it may seem unreasonable to launch a rescue procedure
if the critical time ξ approaches tM .

2.3 System survival probability

System survival probability (SSP) is a crucial indicator used by decision-makers to
evaluate the chances that a mission, including any potential rescue procedures, would be
successful [13, 14]. A comprehensive mission abort policy that outlines precise protocols
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for potential system failures proactively mitigates organizational risk. SSP is used by
decision-makers to estimate the probability that a mission will be completed successfully
or that a rescue procedure will be carried out.

Considering the results and notations introduced in the previous section, the SSP,
defined by S(L, ξ, tM , tr(ξ), K), is formulated as follows

S(L, ξ, tM , tr(ξ), K) =M(L, ξ, tM) + P[T > ξ,N(ξ) ≥ L]R(L, ξ, tr(ξ), K). (2.7)

A crucial part of the total SSP is represented by the second term on the right-hand
side of the Equation (2.7). It represents the probability that the system can be successfully
and effectively rescued after aborting a mission.

3 Optimization

In the policy of mission abort, critical parameters and timing must be determined to
achieve maximum system survival probability at the lowest associated costs. In striving
to achieve these ends, determining the best values for such parameters and their timings
is vital. Numerous techniques may be employed to determine such optimum values in
maximizing system survival probability as well as reducing costs.

The selection of the optimal abort parameter L and critical time ξ is crucial in the
design of an effective mission abort policy. The parameter value L specifies the number of
component failures at which a mission abort occurs at the critical time ξ. An optimization
method can be employed to determine the most appropriate values for these parameters,
as will be discussed below.

3.1 Trade-off between MSP and SSP

A method for obtaining the optimal values of L and ξ is to establish a balance between
M(L, ξ, tM) and S(L, ξ, tM , tr(ξ), K), in order to maximize the MSP while providing a
desired level of system survivability S∗ (Levitin and Finkelstein, 2018a):

max
L,ξ

M(L, ξ, tM) s.t. S(L, ξ, tM , tr(ξ), K) ≥ S∗. (3.1)

The optimization problem outlined in the aforementioned equations necessitates
determining the optimal values for the discrete parameter L and the continuous parameter
ξ using the methodology proposed by [24]. For each discrete value of L, we employ a
one-dimensional optimization technique to ascertain the optimal value of ξ. We begin
by optimizing ξ for each fixed value of L, as L can only assume a finite set of discrete
values. By maintaining L constant and systematically applying the optimization method
across the range of ξ, we can identify the optimal ξ corresponding to each specific L.
Subsequently, we compare these results across all possible values of L to derive the overall
optimal combination of (ξ, L), having first identified the optimal ξ for each discrete L.
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3.2 Cost-Based Optimization

Selecting optimal mission abort parameters L (failure threshold) and ξ (critical abort
time) requires considering the costs associated with mission failure (CF ) and system loss
(CL). The system loss probability is 1 − S(L, ξ, tM , tr(ξ), K), where tM is the mission
time and tr(ξ) the time to rescue. If the system is lost, both the mission and system
fail, incurring a total cost of CF + CL. If the mission fails but the system is successfully
rescued, the incurred cost is CF . This leads to an expected cost function:

C(ξ, L) = (1− S(L, ξ, tM , tr(ξ),K))(CF + CL) + (S(L, ξ, tM , tr(ξ),K)−M(L, ξ, tM ))CF . (3.2)

where S(L, ξ, tM , tr(ξ), K) andM(L, ξ, tM) represent the system survivability and mission
success probabilities, respectively. The optimal (L, ξ) pair minimizes this expected cost
and can be found using optimization techniques such as linear or dynamic programming.

4 Numerical illustration, discussion and sensitivity

analysis

In this section, we provide numerical illustrations with detailed discussions of our the-
oretical findings in Sections 2 and 3. All results, including figures and numerical compu-
tations, are obtained using Mathematica Program System version 14.

Consider a system with 12 components of three types (as pictured in Figure 1)
consisting of 6 components of type 1; 2 components of type 2, and 4 components of type
3. We assume that the lifetimes of components of type 1 are i.i.d. with the cdf F1, the
lifetimes of components of type 2 are i.i.d. with the cdf F2 and the lifetimes of components
of type 3 are i.i.d. with the cdf F3, and components of different types are also independent.
Let

F1(t) = 1− exp{−0.5t}, t ≥ 0,

F2(t) = 1− exp{−0.5
√
t}, t ≥ 0,

F3(t) = 1− exp{−0.5t2}, t ≥ 0.

Figure 1: Reliability block diagram of a 12-component coherent system of three types.

Figure 2 provides descriptions of the mission success probability, which has been
calculated using Equation (2.2). The complex relationship between two crucial factors,
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Figure 2: (left) Mission success probability for L = 2, 3, 4, 5 and ξ = 0.5. (right) Mission
success probability for L = 2, 3, 4, 5 and tM = 0.65.
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Figure 3: (left) Rescue Procedure for L = 2, 7, 9, K = 3 and ξ = 1. (right) Rescue
Procedure for K = 1, 2, 3, L = 3 and ξ = 0.1.

i.e., the mission time tM and the mission success probability, is explained in Figure 2
(left). It can be seen that the probability of mission success can be enhanced by increasing
the value of L (the constraint on the number of failures in [0, ξ)). On the other hand,
Figure 2 (right) illustrates the relationship between the critical time ξ and the probability
of mission success.

Figure 3 provides the probability of completing the rescue procedure with decision
parameters L andK, which have been calculated using Equation (2.4). Figure 3 illustrates
the impact of extending the rescue period on the probability of completing the rescue
procedure. Moreover, the figure highlights the pivotal role of the decision parameter L
(the number of failed components at the critical time ξ), leading to a mission abort. It can
also be observed (Figure 3 (right)) that the probability of completing the rescue procedure
decreases significantly as the rescue time tr(ξ) increases. Furthermore, the effect of the
threshold parameterK, which denotes the largest number of failed components the system
can tolerate during the RP, is shown.

We use Equation (2.7) to calculate the system survival probability. We will specifi-
cally examine how several important parameters, such as the decision parameter L, thresh-
old parameterK, mission period length tM , mission abort time ξ, and the rescue procedure
length tr(ξ), affect this probability. By adjusting these parameters, we can see how the
probability of system survival changes (increasing or decreasing).

Figure 4 (left) shows the probability of the system survival plotted against the critical
time ξ, assuming a constant length of the rescue period (0.1 in this case), where the
mission period length is set at 1.5. This figure shows that the probability of system
survival initially increases but eventually starts to decline. Furthermore, increasing L
decreases the system survival probability. On the other hand, Figure 4 (right) shows
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that an increase in the threshold value K results in a greater system survival probability.
This implies that for middle values of ξ, higher values for K increase the system survival
probability and strengthen the system’s robustness. Furthermore, the system survival
probability is decreasing with the increase of the rescue time tr(ξ). Nonetheless, the
system survival probability behaves differently throughout a range of mission lengths.
The probability of system survival tends to increase, for instance, if the mission length
is less than 1 and near the critical period (tM < 1). Conversely, a longer mission length
causes the system survival probability to decrease.
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Figure 4: (left) System survival probability for K = 2, L = 1, 2, 3, 5 , tr(ξ) = 0.1 and
tM = 1.5. (right) System survival probability for K = 2, 4, 6 , L = 2, tr(ξ) = 1 and
tM = 5.

To minimize the system’s overall cost, the cost function in Equation (??) was evalu-
ated using mission and system failure costs of 10 and 120 units, respectively. By analyzing
different values of ξ and L, the optimal parameters were found to be ξ∗ = 0.4265 and
L∗ = 1, resulting in the minimum cost of 35.74 units, as shown in Figure 5.
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Figure 5: The system total cost.
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Abstract

In this paper, we first establish some results for Burg entropy based on escort
and generalized escort distributions. Then, we propose relative Burg divergence
measure, cumulative residual Burg entropy (CRB), and cumulative residual relative
Burg (CRRB) entropy measures. We apply the proposed CRRB measure to malaria
cell image analysis, demonstrating its effectiveness in quantifying image similarity
and segmentation performance. Comparative results with Otsus thresholding and
K-means clustering highlight the efficacy of our approach in classification tasks.

Keywords: Burg Entropy, Shannon entropy, Binary Classification, Malaria cell
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1 Introduction

Information measures play a fundamental role in quantifying uncertainty and diversity
in various domains, providing essential tools for analyzing randomness, complexity, and
structural properties of data.
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Regarding discrete information measures, there are several well-known measures, such
as the Shannon entropy [5], Rényi entropy [10], Burg entropy [2], Tsallis entropy [13],
Shafee entropy [11], extropy [7], Gini-Simpson index [9], and discrete Fisher information
[8]. These measures find extensive application across diverse fields such as information
theory, reliability, statistics, economics, and engineering.

Let X be a discrete random variable with probability mass function (PMF) P =
(p1, . . . , pn), The Burg entropy associated with X is defined as

B(P ) =
n∑
i=1

log pi, (1.1)

where log stands for the natural logarithm.
In this paper, by considering the discrete Burg entropy see [2], we introduce a rel-

ative divergence measure based on Burg entropy. Then, these concepts are extended
by incorporating the survival function instead of the probability mass function. Within
this framework, we provide some theoretical results, followed by an application to binary
image classification of malaria cells. The classification results are compared using two
algorithms: K-means and the Otsu method.

The rest of this paper is organized as follows. In Section 2, we first study the discrete
Burg entropy for the escort and generalized escort probability mass functions (PMFs).
We then propose a relative Burg entropy divergence and establish some of its properties.
In Section 3, we introduce Burg entropy and its relative version in terms of the discrete
survival function instead of PMFs, referred to as the cumulative residual Burg (CRB) en-
tropy and the cumulative residual relative Burg (CRRB) entropy measures. In Section 4,
we apply the proposed CRRB measure to a real-world example in image processing re-
lated to malaria cell images, presenting numerical results that demonstrate the CRRB
measure as a valuable tool for quantifying similarity between two images. Performance
benchmarks against established methods, such as Otsu’s thresholding and K-means clus-
tering, highlight the efficacy of the proposed approach in classification tasks. Finally,
we conclude with some remarks in Section 5, summarizing our findings and suggesting
potential directions for future research.

2 Burg entropy of escort and generalized escort

PMFs

In this section, we examine the Burg entropy measure for escort and generalized escort
probability mass functions. The corresponding results reveal interesting connections with
the Rényi entropy and relative Rényi entropy.

Let P = (p1, . . . , pn) and Q = (q1, . . . , qn) be two probability mass functions. Then,
the escort PMF associated with P and the generalized escort PMF associated with P
and Q are defined, respectively, as

Pα =

(
pα1∑n
i=1 p

α
i

, . . . ,
pαn∑n
i=1 p

α
i

)
; Sα =

(
pα1 q

1−α
1∑n

i=1 p
α
i q

1−α
i

, . . . ,
pαnq

1−α
n∑n

i=1 p
α
i q

1−α
i

)
.
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where α > 0. The escort distribution holds significant importance in both non-extensive
statistical mechanics and coding theory, being intricately tied to entropy measurements
introduced by [10] and [13]. [1] examined the connections between coding theory and the
evaluation of complexity within non-extensive statistical mechanics, with a specific focus
on escort distributions.

Theorem 2.1. Let P be a probability mass function (PMF), and let Pα be its correspond-
ing escort PMF with order α. Then, for α > 0, we have

B(Pα) = αB(P ) + n(α− 1)Rα(P ), (2.1)

where B(Pα) is the Burg entropy defined in defined in (1.1), and Rα(P ) is Rnyi entropy
is defined as

Rα(P ) =
1

1− α
log

n∑
i=1

pαi , α > 0, α ̸= 1. (2.2)

Theorem 2.2. Let P and Q be two probability mass functions, and let Sα be their
corresponding generalized escort PMF with order α. Then, for α > 0, we have

B(Sα) = αB(P ) + (1− α)B(Q) + n(1− α)Dα(P ,Q), (2.3)

where B(Sα) is the Burg entropy defined in (1.1), and Dα(P ,Q) is the Rnyi divergence,
defined as

Dα(P ,Q) =
1

α− 1
log

n∑
i=1

pαi q
1−α
i , α > 0, α ̸= 1. (2.4)

Corollary 2.3. Let P and Q be two probability mass functions, and let Sα be their
corresponding generalized escort PMF with order α. Then, for α > 1(0 < α < 1), an
upper bound (lower bound) for B(Sα) is given by

B(Sα) ≤ (≥) αB(P ) + (1− α)B(Q).

3 Relative Burg entropy divergence

Definition 3.1. Let X and Y be two discrete random variables with probability mass
functions P = (p1, . . . , pn) and Q = (q1, . . . , qn), respectively. The relative Burg entropy
divergence measure is defined as

DB (P ,Q) =
n∑
i=1

[
log

(
pi
qi

)
−
(
1− qi

pi

)]
. (3.1)

Theorem 3.2. The relative Burg entropy divergence measure defined in (3.1) is non-
negative.

Example 3.3. Let X ∼ Bernoulli(p) and Y ∼ Bernoulli(q), where X takes the value 1
with probability p and 0 with probability 1 − p, and similarly, Y takes the value 1 with
probability q and 0 with probability 1− q. The corresponding probability vectors of the
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variables X and Y are given by P = (p, 1 − p) and Q = (q, 1 − q), respectively. Then,
from the definition of the relative Burg entropy divergence in (3.1), we obtain

DB(P ,Q) = log

(
p

q

)
−
(
1− q

p

)
+ log

(
1− p
1− q

)
−
(
1− 1− q

1− p

)
. (3.2)

Figure 3 presents a 3D surface plot of the relative Burg divergence DB(P ,Q) for 0 <
p, q < 1, illustrating how the divergence quantifies the difference between the probability
distributions characterized by p and q. The plot visually demonstrates the variation of
DB(P ,Q) with respect to changes in p and q, highlighting regions of higher and lower
divergence.

Figure 1: 3D surface plot of the relative Burg divergence DB(P ,Q) for 0 < p, q < 1. The
divergence measures the difference between the distributions characterized by p and q.

4 Cumulative residual Burg entropy and cumulative

residual relative Burg entropy measures

Let X be a discrete random variable with probability mass function P = (p1, . . . , pn) and
corresponding survival function

P̄ (i) = 1−
i−1∑
j=0

pj, p0 = 0.

Then, the cumulative residual Burg (CRB) entropy associated with X is defined as

CRB(P̄ ) =
n∑
i=1

log P̄ (i),

where log denotes the natural logarithm.

Example 4.1. Let X ∼ Bernoulli(p). Then, the probability mass function (PMF) is
P = (p, 1− p), and the survival function is

P̄ (1) = 1, P̄ (2) = 1− p.
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Thus, the cumulative residual Burg (CRB) entropy is

CRB(P ) = log P̄ (1) + log P̄ (2) = log(1) + log(1− p) = log(1− p).

Consider two discrete random variables X and Y with PMFs P = (p1, p2, . . . , pn) and
Q = (q1, q2, . . . , qn), respectively. The survival functions are:

P̄ (i) = 1−
i−1∑
j=0

pj and Q̄(i) = 1−
i−1∑
j=0

qj.

If the survival functions satisfy the relation Q̄(i) =
(
P̄ (i)

)β
, then the hazard rates are

related as:

hX(i) =
pi
P̄ (i)

and hY (i) =
qi
Q̄(i)

=
qi(

P̄ (i)
)β .

Thus, the hazard rates of X and Y follow a proportional hazards model (PHM), with
Q̄(i) being a power transformation of P̄ (i).

Theorem 4.2. Let X and Y be two discrete random variables with probability mass
functions P = (p1, p2, . . . , pn) and Q = (q1, q2, . . . , qn), respectively. If X and Y follow a
proportional hazards model (PHM), then their cumulative residual Burg entropy measures
are proportional, i.e.,

CRB(Q̄) = β · CRB(P̄ ).

Definition 4.3. Let X and Y be two discrete random variables with probability mass
functions

P = (p1, . . . , pn) and Q = (q1, . . . , qn),

respectively, defined on a common support S = {1, 2, . . . , n}. The cumulative residual
relative Burg (CRRB) divergence is defined as

CDB

(
P̄ , Q̄

)
=

n∑
i=1

[
log

(
P̄ (i)

Q̄(i)

)
−
(
1− Q̄(i)

P̄ (i)

)]
. (4.1)

where

P̄ (i) = 1−
i−1∑
j=0

pj and Q̄(i) = 1−
i−1∑
j=0

qj

are the survival functions associated with the PMFs P and Q, respectively.

Example 4.4. Let X ∼ Bernoulli(p) and Y ∼ Bernoulli(q) with probability vectors
P = (p, 1− p) and Q = (q, 1− q). Their survival functions are

P̄ (1) = 1, P̄ (2) = 1− p, Q̄(1) = 1, Q̄(2) = 1− q.

Thus, the cumulative residual relative Burg (CRRB) divergence is

CDB

(
P̄ , Q̄

)
= log

(
1− p
1− q

)
−
(
1− 1− q

1− p

)
.
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Figure 2 illustrates the 3D surface plot of the CRRB divergence CDB(P̄ , Q̄) as a
function of the parameters p and q for two Bernoulli distributions. This plot visually
demonstrates how the divergence changes with varying probability values p and q within
the range 0 < p, q < 1, providing insight into the sensitivity of the CRRB measure to
differences between the distributions.

Figure 2: 3D surface plot of the CRRB Divergence CDB(P̄ , Q̄) as a function of the
parameters p and q for two Bernoulli distributions. The plot shows how the divergence
varies with changes in the probabilities p and q, where 0 < p, q < 1.

In the following theorem, we establish some results associated with the CRRB diver-
gence of a mixture hazards model.

Theorem 4.5. Let X and Y be two discrete random variables with probability mass
functions

P = (p1, . . . , pn) and Q = (q1, . . . , qn),

respectively, defined on a common support {1, 2, . . . , n}. Then, we have

• (i) The cumulative residual Burg divergence between S̄ and P̄ is given by

CDB

(
S̄, P̄

)
= (1− α)

[
CRB(Q̄)− CRB(P̄ )

]
− n+

n∑
i=1

(
P̄ (i)

Q̄(i)

)1−α

.

• (ii) The cumulative residual Burg divergence between S̄ and Q̄ is given by

CDB

(
S̄, Q̄

)
= α

[
CRB(P̄ )− CRB(Q̄)

]
− n+

n∑
i=1

(
Q̄(i)

P̄ (i)

)α
.

where
S̄ = P̄ αQ̄1−α, 0 ≤ α ≤ 1,

is the survival function of the mixture hazards model associated with survival functions P̄
and Q̄.
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5 Application of malaria cell images

In this section, we selected two images from a dataset available on the official NIH website:
https://ceb.nlm.nih.gov/repositories/malaria-datasets/. The dataset consists
of images depicting both uninfected and parasitized cells, with a total of 27,558 images.
The first image has dimensions of 130 × 130 pixels, while the second image is 121 × 124
pixels.

Each image is segmented using the proposed CRRB divergence, and the results are
then compared to their corresponding ground truth images. The performance of the
proposed algorithm in binary classification and prediction accuracy is assessed using a
set of evaluation metrics, including Accuracy, Recall, F1-Score, Dice Coefficient, Jaccard
Index, and Adjusted Rand Index (ARI). To demonstrate its effectiveness, the results
are compared with two well-established segmentation techniques, namely, Otsu and K-
means, highlighting the superior reliability and accuracy of the proposed approach. We
implement our analysis using the OpenCV library within the Python environment [3].
Figures 4 and 3 illustrate the original colored images along with their grayscale versions
and corresponding histograms of pixel intensities. These visual representations provide
insights into the distribution of pixel values, which play a crucial role in quantifying image
similarity.

Figure 3: Image A: Original colored image, grayscale version, and histogram of pixel
intensities.

Figure 4: Image B: Original colored image, grayscale version, and histogram of pixel
intensities.

Figures 5 and 6 present a comparison between the Ground Truth segmentation and
the results obtained using the proposed CRRB divergence, Otsus method, and K-means
segmentation. These comparisons highlight the effectiveness of each method in capturing
structural details and demonstrate the advantages of the proposed approach in preserving
image features.
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Figure 5: Image B: Comparison of Ground Truth with algorithm I∗S, Otsu, and K-means
segmentation methods

Figure 6: Image A: Comparison of Ground Truth with algorithm I∗S, Otsu, and K-means
segmentation methods

Table 1: Comparison of segmentation methods for two images

Metric
Image 1 Image 2

CRI Threshold Otsu K-meansCRI Threshold Otsu K-means

Threshold (t) 87 83.18 — 84 80.71 —

Accuracy (%) 99.77 99.74 99.74 99.87 99.84 99.86

Recall (%) 100.00 100.00 100.00 100.00 100.00 100.00

Precision (%) 99.70 99.66 99.66 99.83 99.79 99.81

Specificity (%) 99.06 98.92 98.92 99.53 99.42 99.48

F1-Score 0.9985 0.9983 0.9983 0.9991 0.9989 0.9991

Dice Coefficient 0.9985 0.9983 0.9983 0.9991 0.9989 0.9991

Jaccard Index (%) 99.70 99.66 99.66 99.83 99.79 99.81

ARI (%) 99.03 98.88 98.88 99.47 99.35 99.42

Table 1 shows a comparison of three segmentation methodsCRI Threshold, Otsu,
and K-meansbased on several performance metrics for two images. The results show
that the CRI Threshold method performs better than both Otsu and K-means in all
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metrics, including accuracy, precision, specificity, F1-score, Dice coefficient, Jaccard index,
and ARI. Specifically, the CRI Threshold method has higher precision and specificity,
meaning it is better at avoiding false positives and accurately separating the object from
the background. Additionally, it shows better values for F1-score, Dice coefficient, and
Jaccard index, indicating that the segmented regions are closer to the ground truth. These
results suggest that the CRI Threshold method is a more effective and reliable option for
image segmentation compared to the Otsu and K-means methods.

6 Conclusion

In this paper, we have proposed new developments of Burg entropy and have introduced
its relative divergence measure. We have extended these concepts to the cumulative resid-
ual framework, leading to the definitions of the cumulative residual Burg (CRB) entropy
and the cumulative residual relative Burg (CRRB) entropy measures. Furthermore, we
have applied the proposed CRRB measure to a real-world image processing problem in-
volving malaria cell images. The numerical results have demonstrated the effectiveness
of the CRRB measure in quantifying image similarity and improving segmentation per-
formance. We have compared our proposed approach with established methods such as
Otsus thresholding and K-means clustering, showing that the CRRB measure provides
competitive classification accuracy. The results have highlighted the potential of our
method as a valuable tool in biomedical image analysis.
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1 Introduction

Information divergence measures, in both continuous and discrete random variable cases,
have widespread applications across various scientific fields such as electrical engineering,
physics, economics, statistics, and biology. Two of the most important and widely studied
information divergence measures are the KullbackLeibler divergence and the chi-square
divergence see [2]. In information theory literature, it has been shown that these two
measures are closely related. Information measures in the discrete case are easier to
apply compared to the continuous case because, in the continuous setting, estimation
and discretization are required. When dealing with discrete information sources, these
additional steps are not necessary.

As mentioned chi-square divergence is one of the most important divergence measures
in information theory and statistics. Kharazmi and Balakrishnan [3] have presented results
related to the chi-square divergence in the continuous case in terms of survival functions.
In this paper, we apply a similar idea in the case of discrete random variables, focusing
on the problem of classification based on mixture models. We provide results related
to two well-known forms of the chi-square divergence in the discrete case, expressed in
terms of the survival function, and extend them to mixture models. Finally, we present
an application of one of these measures in the context of binary classification.

Let X and Y be two discrete random variables with probability mass functions
P = (p1, . . . , pn) and Q = (q1, . . . , qn), respectively. The chi-square divergence and its
generalization, the generalized chi-square divergence (also referred to as the discrete χ2

α

divergence), are defined as follows:
The chi-square divergence is given by

χ2(P ,Q) =
n∑
i=1

(
pi − qi

)2
pi

. (1.1)

The generalized chi-square divergence is defined as

χ2
α(P ,Q) =

α + 1

2

n∑
i=1

(
pi − qi

)2
p1−αi

, α ≥ 0. (1.2)

For more details, one may refer to [4]. These measures quantify the divergence between
two probability distributions, with χ2 being a special case of χ2

α when α = 0.
The rest of this paper is organized as follows. In Section 2, we first propose cumulative

residual discrete χ2 divergence and cumulative residual discrete generalized χ2
α divergence

measures and then establish some results associate with three mixture survival models.
In Section 3, we apply the proposed cumulative residual discrete χ2

α divergence measure
to a binary classification task using heart disease data. We present numerical results
demonstrating the effectiveness of the proposed measure as a valuable tool for quantify-
ing classification performance. This approach is compared against ten machine learning
models. The comparison is conducted in terms of four key performance metrics: Accu-
racy, Precision, Recall, and F1-score. Finally, we conclude with some remarks in Section 4,
summarizing our findings and suggesting potential directions for future research.
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2 Cumulative Residual Discrete χ2
α Divergence Mea-

sure

In this section, we first propose the cumulative residual discrete χ2 divergence and cu-
mulative residual discrete generalized χ2

α divergence measures. We then establish several
theoretical results associated with three mixture survival models, including arithmetic
mixture, geometric mixture, and harmonic mixture survival functions.

Definition 2.1. Let X and Y be two discrete random variables with probability mass
functions

P = (p1, . . . , pn) and Q = (q1, . . . , qn),

respectively, defined on a common support S = {1, 2, . . . , n}. The cumulative residual
discrete χ2 divergence is defined as

Cχ2
(
P̄ , Q̄

)
=

n∑
i=1

(
P̄ (i)− Q̄(i)

)2
P̄ (i)

, (2.1)

where

P̄ (i) = 1−
i−1∑
j=0

pj and Q̄(i) = 1−
i−1∑
j=0

qj, p0 = 0.

are survival functions related to the PMFs P and Q, respectively.

Definition 2.2. Let X and Y be two discrete random variables with probability mass
functions

P = (p1, . . . , pn) and Q = (q1, . . . , qn),

respectively, defined on a common support S = {1, 2, . . . , n}. The cumulative residual
discrete χ2

α divergence for α ≥ 0 is defined as

Cχ2
α

(
P̄ , Q̄

)
=
α + 1

2

n∑
i=1

(
P̄ (i)− Q̄(i)

)2
(
P̄ (i)

) 1−α , (2.2)

where

P̄ (i) = 1−
i−1∑
j=0

pj and Q̄(i) = 1−
i−1∑
j=0

qj.

Let X1 and X2 be two discrete non-negative random variables with survival func-
tions P̄1 and P̄2, respectively. The survival functions corresponding to the arithmetic,
geometric, and harmonic mixture models are defined as

P̄A = w P̄1 + (1− w) P̄2,

P̄G = P̄ w
1 P̄ 1−w

2 ,
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and

P̄H =
P̄1 P̄2

w P̄2 + (1− w) P̄1

,

respectively, for 0 < w < 1. For more details, one may refer to [1] and[2].

The Cχ2
α divergence between the arithmetic mixture model P̄A and the component

P̄1 is given by

Cχ2
α

(
P̄1, P̄A

)
=
α + 1

2

n∑
i=1

(
P̄1(i)− wP̄1(i)− (1− w)P̄2(i)

)2
P̄ 1−α
1 (i)

.

Expanding and simplifying the expression, we obtain

Cχ2
α

(
P̄1, P̄A

)
=

(α + 1)(1− w)2

2

n∑
i=1

(
P̄1(i)− P̄2(i)

)2
P̄ 1−α
1 (i)

.

Rewriting in terms of the divergence between P̄1 and P̄2, we get

Cχ2
α

(
P̄1, P̄A

)
= (1− w)2Cχ2

α

(
P̄1, P̄2

)
.

Similarly, we find that

Cχ2
α

(
P̄1, P̄G

)
=
α + 1

2

n∑
i=1

P̄α+1
1 (i)

(
1−

(
P̄2(i)

P̄1(i)

)1−w
)2

.

Additionally, the explicit form of the Cχ2
α divergence for the harmonic mixture is given

by

Cχ2
α

(
P̄1, P̄H

)
=

(1 + α)(1− w)2

2

n∑
i=1

P̄ α+1
1 (i)[

(1− w)P̄1(i) + wP̄2(i)
]2 (P̄1(i)− P̄2(i)

)2
.

An upper bound for Cχ2
α

(
P̄1, P̄H

)
is given as

Cχ2
α

(
P̄1, P̄H

)
≤ Cχ2

α

(
P̄1, P̄2

)
Theorem 2.3. From the above results, we have

Cχ2
α

(
P̄1, P̄H

)
≤
Cχ2

α

(
P̄1, P̄A

)
(1− w)2

.

3 Application for binary classification of heart data

In this section, we apply the proposed cumulative residual discrete χ2
α divergence mea-

sure to a binary classification task using heart disease data https://www.kaggle.com/

code/desalegngeb/heart-disease-predictions. This approach is compared against
ten machine learning models, including logistic regression, decision tree, random forest,
support vector machine (SVM), K-nearest neighbors (KNN), nave Bayes, linear discrimi-
nant analysis (LDA), AdaBoost, and gradient boosting. The comparison is conducted in
terms of four key performance metrics: accuracy, precision, recall, and F1-score.
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3.1 Variables & Data Preparation

The analysis uses maximum heart rate achieved during exercise (thalach) as the sole
predictive feature, derived from the UCI Heart Disease dataset. This continuous variable
(measured in beats per minute) is standardized via StandardScaler to ensure compa-
rability across models. The binary target variable (target: 0=healthy, 1=disease) rep-
resents clinical diagnosis outcomes. The single-feature design intentionally isolates heart
rate’s predictive power while providing a controlled benchmark environment for model
comparisons.

3.2 Methodology Overview

A proposed Cχ2
α divergence threshold method calculates optimal heart rate cutoffs

(141.58 bpm) through histogram analysis, maximizing distributional separation between
classes. This baseline approach is compared against 10 machine learning models using
standard metrics (Accuracy, Precision, Recall, F1-score). Figure 2 illustrates the optimal
maximum heart rate threshold selection using the Cχ2

α divergence, where the dashed red
line (labeled threshold) marks the point of maximum separation between healthy and
diseased distributions.

Figure 1: Optimal maximum heart rate threshold selection via Cχ2
α divergence. Dashed

red line (threshold) maximizes separation between healthy/diseased distributions.

Figure 1 presents the classification performance of the threshold-based method along
with baseline machine learning models (logistic regression, decision tree, and random
forest), where the values on the diagonal indicate the correctly predicted cases. Simi-
larly, Figure 3 illustrates the performance of advanced models (SVM, KNN, Naive Bayes,
LDA/QDA, AdaBoost, and gradient boosting), with the pronounced diagonal dominance
highlighting their strong predictive capabilities.
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Figure 2: Classification performance of threshold-based method and baseline ML models
(logistic regression, decision tree, random forest). Values on the diagonal represent correct
predictions.

Figure 3: Classification performance of advanced models (SVM, KNN, naive Bayes,
LDA/QDA, AdaBoost, gradient boosting). All models show strong diagonal dominance
indicating good predictive capability.

Figure 4 compares the ROC curves for the proposed Cχ2
α threshold-based approach

and several machine learning models (Logistic Regression, Decision Tree, Random Forest,
SVM, KNN, Naive Bayes, LDA, QDA, AdaBoost, and Gradient Boosting). Notably, the
Cχ2

α threshold achieves the highest AUC (0.80), closely followed by AdaBoost (0.76), indi-
cating strong discriminative performance in distinguishing healthy and diseased samples.

Similarly, Figure 3 illustrates the Precision-Recall relationship across models, with
curves nearer to the top-right corner indicating a more effective balance between capturing
true positives and minimizing false alarms.
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Figure 4: Receiver Operating Characteristic (ROC) curves showing trade-off between
True Positive Rate and False Positive Rate. Models closer to the top-left corner (higher
AUC) demonstrate better diagnostic performance.

Figure 5: Precision-Recall relationship across models. Curves closer to the top-right
corner indicate better balance between identifying true positives and minimizing false
alarms.

Table 1 presents the evaluation metrics (Accuracy, Precision, Recall, and F1-score)
for the cumulative residual discrete χ2

α divergence method, as well as for various machine
learning models applied to the heart disease binary classification task. The proposed
Cχ2

α method outperforms most of the other models in terms of Accuracy (0.803) and F1-
score (0.824), demonstrating its potential as a strong tool for classification. The Logistic
Regression, Support Vector Machine (SVM), and Linear Discriminant Analysis (LDA)
models show consistent performance, with accuracy scores around 0.724 and F1-scores
around 0.774. Decision Tree and Random Forest, on the other hand, exhibit relatively
lower performance across all metrics, particularly with Accuracy and F1-score values of
0.618 and 0.642, respectively. Among the other models, AdaBoost performs well, with
an Accuracy of 0.763 and F1-score of 0.795, while Gradient Boosting shows the lowest
performance in comparison, with an Accuracy of 0.658 and F1-score of 0.698. In general,
the Cχ2

α method proves to be a competitive approach, providing reliable and effective
results for heart disease classification tasks.
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Table 1: Evaluation Metrics for Different Models

Model Accuracy Precision Recall F1

Cχ2
α(P̄ , Q̄) Method 0.803 0.795 0.854 0.824

Logistic Regression 0.724 0.692 0.878 0.774

Decision Tree 0.618 0.650 0.634 0.642

Random Forest 0.618 0.636 0.683 0.659

SVM 0.724 0.692 0.878 0.774

KNN 0.671 0.660 0.805 0.725

Naive Bayes 0.697 0.667 0.878 0.758

LDA 0.724 0.692 0.878 0.774

QDA 0.697 0.667 0.878 0.758

AdaBoost 0.763 0.745 0.854 0.795

Gradient Boosting 0.658 0.667 0.732 0.698

4 Conclusion

In this paper, we have proposed cumulative residual discrete χ2 divergence and cumulative
residual discrete generalized χ2

α divergence measures, and established some theoretical re-
sults for three mixture survival models. We have further applied the proposed cumulative
residual discrete χ2

α divergence measure to a binary classification task using heart disease
data. It is shown that the proposed measure serves as a robust tool for quantifying clas-
sification performance. Moreover, by benchmarking our approach against ten machine
learning modelsincluding logistic regression, decision tree, random forest, SVM, KNN,
nave Bayes, LDA, AdaBoost, and gradient boosting based on accuracy, precision, recall,
and F1-score, we have demonstrated its competitive performance. Future research could
explore extensions of these divergence measures to more complex models and additional
real-world applications.
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Abstract

In biomedical studies, the difference in restricted mean residual lifetime can
be used as an appropriate quantity for comparing different treatment groups
with respect to their survival times. In observational studies where the factor of
interest is not randomized, covariate adjustment is needed to take into account
imbalances in confounding factors. An estimator is obtained for the average
causal treatment difference using the restricted mean residual lifetime as target
parameter. Specifically, treatment-specific additive hazards model is used to
account for confounding factors. Large sample properties of the proposed estimator
is also established.

Keywords: Additive hazards model, Average causal effect, Restricted
mean residual lifetime

1 Introduction

In medical research, it is often of interest to compare survival times between two treat-
ment groups with respect to their mean residual life function which is the remaining life
expectancy of a subject who has survived up to a certain time. For a non-negative survival

1z.mansourvar@sci.ui.ac.ir
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time T with finite expectation, the mean residual life function at time t ≥ 0 is defined as
m(t) = E(T − t|T > t). However, in the presence of right censoring in studies of survival
time, the mean residual life function of T may not be estimable at some points. As an alter-
native to the mean residual life function, it may be more appropriate to use the restricted
mean residual life function which for fixed L > 0 is mL(t) = E(TL− t|TL > t) (0 < t < L),
where TL = min(T, L). This function is less sensitive to heavily right-skewed survival time
distributions than the overall mean residual life function. The restricted mean residual
life function of mL(t) can also be expressed via the survival function of S(t) by

mL(t) =
1

S(t)

∫ L

t

S(u)du. (1.1)

If the treatments were assigned to subjects randomly, the restricted mean residual life-
time can be estimated for each treatment group by (1.1) and then the difference between
the treatment-specific estimates can be used as the basis for comparing treatment groups.
However in observational studies where treatment is not randomized, the distribution of
prognostic factors is imbalanced between treatment groups. Thus a proper regression
model needs to be selected to adjust for the effects of prognostic factors.

Various authors proposed methods to compare restricted mean lifetime between treat-
ments which is the life expectancy restricted to some time L. [4] examined the restricted
mean lifetime with adjustment for covariates and presented a method to compare two
groups with respect to survival. To incorporate covariates into the analysis, he considered
a proportional hazards model in that separate baseline hazards were postulated but the
covariates were assumed to have the same multiplicative effect on the hazard for both
groups. The baseline hazards were assumed to take a piecewise exponential model. [3]
proposed two estimators for the average causal treatment difference in restricted mean life-
time that account for treatment imbalances in prognostic factors assuming a proportional
hazards relationship.

As in survival data analysis, it is important to measure survival expectancy progres-
sively, therefore the restricted mean residual lifetime can be a more useful quantity than
restricted mean lifetime. In randomized studies, restricted mean residual life models have
been developed under right censored data. For example, [7] studied the proportional re-
stricted mean residual life model, and [8] considered the additive-multiplicative restricted
mean residual life model. In observational studies, [6] proposed a method to estimate
group-specific differences in restricted mean residual lifetime in settings where covariate
adjustment is needed under right censoring. To model the association between the sur-
vival time distribution and covariates, they considered the Aalen additive hazards model
[1]. In this paper, we propose a method to estimate treatment differences in restricted
mean residual lifetime under the additive hazards model [5] which is flexible as it allows
for group-specific baseline hazards and regression coefficients.

The rest of the paper is organized as follows. We set up the notation and state the
required assumptions needed to formalize the problem of interest in Section 2. The pro-
posed method is described in Section 3 along with asymptotic properties of the resulting
estimator with theoretical proofs.
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2 Notation and data structure

Suppose we are interested in comparing survival times of two treatment groups (A = 0, 1)
in terms of restricted mean residual lifetime up to time L. We imagine a set-up where
there is a non-randomized binary exposure A and a p-dimensional vector of additional
prognostic factors X. Let C denote the censoring time and assume that survival time T
and C are conditionally independent given (A,X). Let (Ti, Ci, Ai, Xi), where i = 1, . . . , n
be independent replicates of (T,C,A,X). In the presence of censoring, we only observe
U = min(T,C), and whether it is the failure or the censoring that has occurred, recorded
by the indicator variable ∆ = I(T ≤ C). When right censoring is present, the observed
data set thus consists of n independent copies of {Ui,∆i, Ai, Xi} and we observe survival
times only in the interval [0, τ ] where τ <∞ is the endpoint of the study.

We use the notation of counterfactual outcomes described by [11, 12], to define
the average causal treatment effect. Let T 0 denote the lifetime of a randomly selected
individual from the population under study that would have been received treatment
0, and similarly T 1 the lifetime of the same individual that would have been received
treatment 1. The variables T 0 and T 1 are referred to as counterfactual outcomes, but
only one of those outcomes is actually observed for an individual. Nevertheless, the
average causal exposure effect is defined as

δ(t) =
1

P (T 1 > t)

∫ L

t

P (T 1 > u)du− 1

P (T 0 > t)

∫ L

t

P (T 0 > u)du.

Actually, each individual will receive only one treatment, 0 or 1, and the observed
survival time T is equal to T = T 0I(A = 0) + T 1I(A = 1). It can be assumed that the
survival time (T 0, T 1) are conditionally independent of the treatment assignment A given
X. Under this assumption, we have P (T a > t | A = a,X) = P (T > t | A = a,X) for
a = 0, 1. Then the population-averaged causal exposure effect may be calculated using
the G-computation formula ([10]; [9]) for the distribution, P (T ≤ t | Â = a). In our
setting, the G-computation formula reads

P (T ≤ t | A = a) =

∫
P (T ≤ t | A = a,X = x) dFX(x),

where FX denotes the marginal distribution function of X. Therefore, the corresponding
survival function is given by

S(t | A = a) =

∫
P (T > t | A = a,X = x) dFX(x). (2.1)

Therefore, the average causal treatment effect can be written as

δ(t) =
1

S(t | A = 1)

∫ L

t

S(u | A = 1)du− 1

S(t | A = 0)

∫ L

t

S(u | A = 0)du. (2.2)
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In order to estimate δ(t) under a right-censored survival data, we need to model
the conditional survival function of T given treatment and covariates and de-
rive estimates for the parameters of this model. We set Sa(t) = S(t | A = a)
and Sa(t | X) = P (T > t | A = a,X = x) = exp{−Λ(t | a, x)} where
Λ(t | a, x) =

∫ t
0
λ(u | a, x)du is the cumulative conditional hazard function. It is

natural to estimate Sa(t) by Ŝa(t) = n−1
∑n

i=1 Ŝa(t | Xi) where Ŝa(t | Xi) is an estimator
for Sa(t | Xi) and the averaging is over all covariate vectors Xi, i = 1, . . . , n, across both
treatment groups. Then an estimator for δ(t) is given by

δ̂(t) =
1

Ŝ1(t)

∫ L

t

Ŝ1(u)du−
1

Ŝ0(t)

∫ L

t

Ŝ0(u)du. (2.3)

We now turn to the estimation of the effect measure δ(t) based on data where there
are independent replicates from the additive hazards model.

3 Estimation and large sample properties

3.1 Estimation

We consider a more general model where both baseline hazards function and regression
coefficients of X are allowed to vary by treatment group, given by

λ(t | Xi, Ai = a) = λ0a(t) + βTaXi, a = 0, 1, (3.1)

where λ0a(t) is an unspecified baseline hazard function for group A = a, and βa is
a p-vector of unknown regression parameters. Under model (3.1), the causal survival
function defined by (2.1) can be obtained as

Sa(t) = S(t | A = a) = exp{−Λ0a(t)}
∫

exp{−βTaX t} dFX(x), a = 0, 1

where Λ0a(t) =
∫ t
0
λ0a(u) du is the cumulative baseline hazards function. Thus, in view of

(2.2), it is seen that the average causal exposure effect δ(t) is a function of Λ0a(t) and βa.
In the counting process framework of [2], the observed data can be replaced with

Nia(t) and Yia(t) of functions of time t, where Nia(t) = I(Ai = a)I(Ui ≤ t,∆i = 1) is the
counting process and Yia(t) = I(Ai = a)I(Ui ≥ t) is at risk process for the ith individual
in treatment group a = 0, 1. With this notation, by using the approach of [5], we can
estimate βa and Λ0a(t) by

β̂a =

{
n∑
i=1

∫ τ

0

Yia(t){Xi − X̄a(t)}⊗2dt

}−1{ n∑
i=1

∫ τ

0

{Xi − X̄a(t)}dNia(t)

}
,
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where X̄a(t) =
∑n

i=1 Yia(t)Xi/
∑n

i=1 Yia(t), and

Λ̂0a(t) =

∫ t

0

∑n
i=1{dNia(u)− Yia(u)β̂TaXidu}∑n

i=1 Yia(u)
.

Therefore, the estimator for the average causal exposure effect, δ̂(t), can be obtained by
equation (2.3), where

Ŝa(t) = exp{−Λ̂0a(t)} n−1

n∑
i=1

exp{−β̂a
T
Xi t}, a = 0, 1.

3.2 Large sample properties

It follows from [5] that β̂a is consistent to βa, and Λ̂0a(t) converges in probability to
Λ0a(t) uniformly in t ∈ [0, τ ]. Furthermore,

n1/2(β̂a − βa) = n−1/2 Ω−1
a

n∑
i=1

ϵia + op(1), (3.2)

n1/2(Λ̂0a(t)− Λ0a(t)) = n−1/2

n∑
i=1

Qia(t) + op(1), (3.3)

where

Ωa = E

[∫ τ

0

Yia(t){Xi − X̄a(t)}⊗2dt

]
,

ϵia =

∫ τ

0

{Xi − X̄a(t)}dMia(t),

dMia(t) = dNia(t)− Yia(t){dΛ0a(t) + βTaXidt},

Qia(t) =

∫ t

0

(
n∑
i=1

Yia(u))
−1dMia(u)− Ω−1

a ϵia

∫ t

0

X̄a(u)du.

We now give the asymptotic properties of the proposed estimator for δ(t) which can be
obtained through the asymptotic properties of the influence function of n1/2{δ̂(t)− δ(t)}.
To derive the influence function for n1/2{δ̂(t)− δ(t)}, it follows that

n1/2{δ̂(t)− δ(t)} =n1/2

{
1

Ŝ1(t)

∫ L

t

Ŝ1(u)du−
1

S1(t)

∫ L

t

S1(u)du

}

−n1/2

{
1

Ŝ0(t)

∫ L

t

Ŝ0(u)du−
1

S0(t)

∫ L

t

S0(u)du

}
.
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It can also be written that, for a = 0, 1,

1

Ŝa(t)

∫ L

t

Ŝa(u)du−
1

Sa(t)

∫ L

t

Sa(u)du,

is equal to

1

Ŝa(t)

∫ L

t

{
Ŝa(u)− Sa(u)

}
du−

{
Ŝa(t)− Sa(t)

}
Sa(t)Ŝa(t)

∫ L

t

Sa(u)du. (3.4)

Therefore, we first need to derive the influence function for n1/2{Ŝa(t)− Sa(t)}. Define

Sa1(t) = exp{−Λ0a(t)}, Sa2(t) =

∫
exp{−βTaX t} dFX(x),

so that Sa(t) = S(t | A = a) = Sa1(t) Sa2(t), and also define

Ŝa1(t) = exp{−Λ̂0a(t)}, Ŝa2(t) = n−1

n∑
i=1

exp{−β̂TaX t},

where Ŝa(t) = Ŝa1(t) Ŝa2(t). Then it easily follows that

n1/2{Ŝa(t)− Sa(t)} = n1/2{Ŝa1(t)− Sa1(t)}Ŝa2(t) + n1/2{Ŝa2(t)− Sa2(t)}Sa1(t). (3.5)

Taking the Taylor series expansion of Ŝa1(t), together with the consistency of Λ̂0a(t) yields
that

n1/2{Ŝa1(t)− Sa1(t)} =− n1/2 Sa1(t)
[
Λ̂0a(t)− Λ0a(t)

]
+ op(1)

=n−1/2

n∑
i=1

ϵSa1
i (t) + op(1), (3.6)

where
ϵSa1
i (t) = −Sa1(t)Qia,

and Qia is defined as the influence function of n1/2(Λ̂0a(t)− Λ0a(t)), given in (3.3).
By a Taylor series expansion of Ŝa2(t) along with the consistency of β̂a and the uniform
strong law of large numbers, it further follows that

n1/2{Ŝa2(t)− Sa2(t)} = n−1/2

n∑
i=1

ϵSa2
i (t) + op(1), (3.7)
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where

ϵSa2
i (t) = exp{−βTaXi t} − µ(t) ϵia − Sa2(t),

with µ(t) being the limit in probability of n−1
∑n

i=1 exp{−βTaXi t}Xi t, and ϵia is defined

as the influence function of n1/2(β̂a − βa), given in (3.2).
Therefore, combining the results from equations (3.5), (3.6) and (3.7) follows that
n1/2{Ŝa(t) − Sa(t)} can be decomposed as a sum of independent and identically dis-
tributed terms as

n1/2{Ŝa(t)− Sa(t)} = n−1/2

n∑
i=1

ϵSa
i (t) + op(1), (3.8)

where

ϵSa
i (t) = Sa2(t)ϵ

Sa1
i (t) + Sa1(t)ϵ

Sa2
i (t).

Thus, Using expressions (3.4) and (3.8), asymptotic approximation for n1/2{δ̂(t)−δ(t)}
can be displayed by

n1/2{δ̂(t)− δ(t)} = n−1/2

n∑
i=1

ϵδi (t) + op(1),

where ϵδi (t) = ϵδ1i (t)− ϵ
δ0
i (t) with

ϵδai (t) =
1

Sa(t)

∫ L

t

ϵSa
i (u)du− ϵSa

i (t)

Sa(t)2

∫ L

t

Sa(u)du, for a = 0, 1,

where ϵδi (t), i = 1, . . . , n, are independent and identically distributed zero-mean ran-
dom variables. Accordingly, n1/2{δ̂(t) − δ(t)} converges weakly to a zero-mean Gaus-
sian process whose covariance function E{ϵδi (s)ϵδi (t)} can be consistently estimated by
n−1

∑n
i=1{ϵ̂δi (s)ϵ̂δi (t)} where ϵ̂δi (t) is defined analogously to ϵδi (t), with unknown quantities

substituted by their empirical counterparts.
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Abstract

The doubly geometric process is widely applied in practical problems, including
reliability and failure data analysis. Recently, a lot of scholars have been interested
in the doubly geometric process. It is an advanced stochastic model that extends
the traditional geometric process by incorporating two distinct scaling factors.
Although this process offers greater flexibility in data modeling than the geometric
process, it involves more complexity in parameter estimation. This study focuses
on estimating the parameters for the doubly geometric process with log-normal
interarrival times. The unknown parameters of the process are estimated using
the maximum likelihood technique. The estimator’s asymptotic properties are also
obtained. Simulation results and practical applications are presented to validate
the effectiveness of the proposed process.

Keywords: Geometric process, Doubly geometric process, Log-normal dis-
tribution, Maximum likelihood estimation
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1 Introduction

For the first time in 1988, the geometric process, denoted by GP in brief, was introduced
by Lam [11] as the generalization of the renewal process (RP). The GP is used in many
practical problems, such as reliability analysis, maintenance modeling, and failure data
analysis. This process is beneficial when the event times are monotone.

Lam’s definition [11] states that a series of non-negative random variables {Xk, k =
1, 2, . . .} is a GP if the cumulative distribution function (or CDF) of Xk is presented as
F (ak−1x) for k = 1, 2, . . ., where F is the distribution of X1 and a is a positive constant.
It is a renewal process if a = 1, stochastically decreasing if a ≥ 1, and stochastically
increasing if 0 < a ≤ 1. Braun et al. [5], Lam [13], and Lam et al. [16] have all worked
on the theoretical aspects of the GP. The reader is directed to Lam [14] and its references
for further information.

Parameter estimation and hypothesis testing on the GP have been the subject of
several papers. For instance, Lam [12] initially estimates µ, σ2, and ln a using the least
squares approach, where µ and σ2 stand for the expectance and variance of the random
variables, respectively. The asymptotic normality of the estimators is carried out by Lam
and Zhu [17]. Yang et al. [22] discuss the consistency and asymptotic normality of a GP’s
ratio parameter by estimating it using the maximum likelihood estimation technique.

The statistical conclusions for the GP are examined assuming that the distributions
in the definition above are distinct. For example, Aydoğdu et al. [2] used both the max-
imum likelihood (ML) approach and the modified maximum likelihood (MML) method
to estimate the process parameters while taking into account the GP with a Weibull dis-
tribution. ML estimators for GP using the Gamma distribution were obtained by Chan
et al. [6]. Lam and Chan [15] examined the statistical inference of the process using the
ML and modified moment approaches, taking into account the GP with the log-normal
distribution. Biçer [3], Biçer et al. [4], kara et al. [9, 10], and Usta [20] all examined the
statistical inference problem for the GP based on the assumption that it adheres to the
power Lindley, Rayleigh, inverse Gaussian, Gamma, and inverse Rayleigh distributions.
Further information may be found in Usta [21] and its references.

Although the GP is a widely used and influential model, it faces challenges in accu-
rately capturing interarrival times with non-monotonic patterns. In order to overcome
these limitations, numerous authors have worked hard to develop the GP. These include
the quasi-renewal process suggested by Wang and Pham [23], the α-series process sug-
gested by Braun et al. [5], and the threshold GP model recommended by Chan et al. [7]
that was fitted to the 2003 SARS data from four regions. A further illustration is the
doubly geometric process (DGP) that was suggested by Wu [24]. The DGP is a sophisti-
cated stochastic model that incorporates two scaling factors to account for trends in both
the timing and magnitude of events. The definition of this process is as follows,

Definition 1.1. (Doubly geometric process [24]) When a sequence of non-negative ran-
dom variables {Xk, k = 1, 2, . . .} are independent and the cumulative distribution func-
tion of Xk is given by F (ak−1xh(k)) for k = 1, 2, . . ., where a is a positive constant, h(k)
is a function of k, and the likelihood of the parameters in h(k) has a known closed form,
h(1) = 1 and h(k) > 0 for k ∈ N, then {Xk, k = 1, 2, . . .} is referred to as a doubly
geometric process.
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Wu [24] evaluated the DGP on 10 real-world data sets using several versions of h(k),
including (1 + log(k))b, bk−1, blog(k), and 1 + b log(k). They then computed the processes’
corrected Akaike Information Criterion (AICc). He discovered that the DGP with used
h(k) = (1 + log(k))b performed better than the others. Hence, h(k) is specified as (1 +
log(k))b, where log is the base-10 logarithm and b is a real value.

The statistical inference issue for the DGP was examined by Pekalp et al. [18, 19] under
the assumptions that the distribution of the initial interarrival time has an exponential
and a Weibull distribution, respectively.

Estimating the model parameters can be difficult since the DGP offers a more adapt-
able model for a wider variety of applications than the GP. The estimation of parameters
for the model specified by the DGP is the main topic of this study, particularly in cases
when the distribution of the initial interarrival time is log-normal. The log-normal distri-
bution is chosen for its critical role in reliability engineering and analysis, particularly due
to its ability to model failure times for various products and systems. It is especially use-
ful in scenarios where the underlying processes are multiplicative. As far as we are aware,
this is the first work to deal with the DGP’s parameter estimate under the presumption
that the initial interarrival time has a log-normal distribution.

The reminder of the paper is organized as follows: The doubly geometric process with
log-normal interarrival times is introduced, and its primary statistical characteristics are
described in Section 2. Section 3 presents the asymptotic joint distribution of the maxi-
mum likelihood estimators of the model and distribution parameters, which are obtained
by deriving the likelihood equations. Lastly, to assess the effectiveness of the suggested
DGP model, Sections 4 and 5 include simulated tests and real-world data applications.

2 Doubly geometric process with log-normal interar-

rival times

In this section, we introduce a DGP (as defined in Definition1.1) where the distribution
of the first interarrival time follows a log-normal distribution with parameters µ and σ2,
referred to as DGPLN, and drive its basic properties.

Based on Definition 1.1, we define the DGP with ratio parameter a, h(k) = (1+log k)b,
where log represents the base-10 logarithm, and b is a real number, with the log-normal
distribution as the distribution of the first interarrival time. Therefore, the probability
density function (pdf) of X1 is

fX1(x) =
1

xσ
√
2π
e−

(ln x−µ)2

2σ2 x > 0 µ ∈ R σ > 0. (2.1)

From the definition of the DGP, the pdf of Xk is

fXk
(x) =

(1 + log k)b

xσ
√
2π

e−
((k−1) ln a+(1+log k)b ln x−µ)

2

2σ2 x > 0, for k = 1, 2, . . . (2.2)

where b, µ ∈ R and a, σ > 0. For k = 1, 2, . . ., the expected value and the variance of Xk

are:

E(Xk) = a
−(k−1)

(1+log k)b e
µ

(1+log k)b
+ σ2

2(1+log k)2b ,
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and

V ar(Xk) = a
−2(k−1)

(1+log k)b e
2µ

(1+log k)b
+ σ2

(1+log k)2b

(
1− e

σ2

(1+log k)2b

)
.

Also, the coefficient of variation (CV) of Xk is

γk =

√
V ar(Xk)

E(Xk)
=

√
1− e

σ2

(1+log k)2b for k = 1, 2, . . . ,

which implies that the CVs change over k’s.

3 Likelihood equations

In this section, we will estimate the parameters of the DGP suggested in the previous
section using the maximum likelihood method.

Let {x1, x2, . . . , xn } be the gap times from n successive failures have been observed on
a system, that is, the failures occurred at times x1, x1 + x2, . . . ,

∑n
k=1 xk, and the first

interarrival time X1 has the log-normal distribution with parameters µ and σ2. Then, the
log-likelihood function of the DGP with ratio parameter a and h(k) = (1+log k)b is given
by:

l(θθθ) = lnL(θθθ) = b

n∑
k=1

ln(1 + log k)−
n∑
k=1

lnxk −
n

2
ln 2πσ2 (3.1)

− 1

2σ2

n∑
k=1

(
(1 + log k)b lnxk + (k − 1) ln a− µ

)2
,

where θθθ is the vector of parameters with components θ1 = a, θ2 = b, θ3 = µ, θ4 =
σ2, and the parameter space Θ =

{
(θ1, θ2, θ3, θ4)

T ; θ2, θ3 ∈ R, θ1, θ4 > 0
}
. The maximum

likelihood estimator of θθθ is obtained by maximizing l(θθθ) over Θ.

We denote the maximum likelihood estimate (MLE) by θ̂θθ and obtain it as a solution
of the following equations.

∂l(θθθ)

∂θ1
=

n∑
k=1

(k − 1)
(
(1 + log k)b lnxk + (k − 1) ln a− µ

)
= 0,

∂l(θθθ)

∂θ2
= −

n∑
k=1

(
(1 + log k)b lnxk + (k − 1) ln a− µ

)
× lnxk

×(1 + log k)b × ln(1 + log k) + σ2

n∑
k=1

ln(1 + log k) = 0,

∂l(θθθ)

∂θ3
=
n(n− 1)

2
ln a− nµ+

n∑
k=1

(1 + log k)b lnxk = 0,
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∂l(θθθ)

∂θ4
= −nσ2 +

n∑
k=1

(
(1 + log k)b lnxk + (k − 1) ln a− µ

)2
= 0.

There is no closed-form solution for the ML estimates, so the equations must be solved nu-
merically. The numerical procedure will be implemented in the R programming language,
using the BB package.

We prove the ML estimator’s asymptotic normality and consistency in the following
assertion.

Proposition 3.1. The estimator θ̂θθ is strongly consistent for estimating θθθ and satisfy the
asymptotic normality

(θ̂θθ − θθθ) d−→ N4(000,Σ), (3.2)

where Σ = I−1, and I is a 4×4 symmetric matrix, named the Fisher information matrix,
with elements given by:

I11 =
n(n− 1)(2n− 1)

6a2σ2
, I12 =

1

aσ2

n∑
k=1

(k − 1)(µ− (k − 1) ln a) ln (1 + log k),

I13 =
−n(n− 1)

2aσ2
, I14 = 0,

I22 =
1

σ2

n∑
k=1

(ln (1 + log k))2
(
2σ2 + µ2 + (k − 1)2(ln a)2 − 2(k − 1)µ ln a

)
,

I23 =
1

σ2

n∑
k=1

((k − 1) ln a− µ) ln (1 + log k), I24 =
−1
σ2

n∑
k=1

ln (1 + log k),

I33 =
n

σ2
, I34 = 0, I44 =

n

2σ4
.

Proof. The proof of the proposition is given in the Appendix.

It is possible to deduce that each parameter’s asymptotic distribution is asymptotically
normal as n → ∞ based on the aforementioned premise. â, b̂, µ̂, and σ̂2 are hence
asymptotically unbiased and consistent. Additionally, the estimated asymptotic variance-
covariance matrix of â, b̂, µ̂, and σ̂2 is determined by I−1 evaluated at θ̂θθ, represented by
V . For these parameters, the corresponding 100(1−α)% asymptotic confidence intervals
are (

â− zα
2

√
V11 , â+ zα

2

√
V11

)
,
(
b̂− zα

2

√
V22 , b̂+ zα

2

√
V22

)
(
µ̂− zα

2

√
V33 , µ̂+ zα

2

√
V33

)
,
(
σ̂2 − zα

2

√
V44 , σ̂

2 + zα
2

√
V44

)
where zα

2
is the upper α

2
quantile of the standard normal distributions.
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4 Simulation study

Employing the bias and mean squared error (MSE) criterion, a simulation analysis is
carried out in this part to analyze the estimator’s effectiveness for the process parameters
a, b, and the distribution parameters µ and σ2. The simulation included the subsequent
phases for the specified parameters, sample size n, and number of repetitions:

Step 1: Using the parameters µ and σ2, create a random sample {Y1, . . . , Yn} from the
log-normal distribution.

Step 2: Using the transformation Xk =
(

Yk
ak−1

) 1

(1+log k)b for k = 1, . . . , n, generate a

realization of the DGP with parameters a and b.

Step 3: Based on the data set {X1, . . . , Xn}, calculate the simulated bias and MSE of
each parameter.

Step 4: Repeat the aforementioned steps for the specified number of iterations, and
compute the average simulated bias and MSE of each estimator.

According to the above algorithm, we simulate the data for n = 30, 50, 100, a =
0.95, 0.99, 1.05, b = −1.5,−0.5, 0.5, 1.5, µ = 0, and σ2 = 1 with 1000 replications. The
results of the simulation are presented in Tables 1 and 2.

For all of the estimated parameters, Tables 1 and 2 demonstrate that, generally speak-
ing, the bias and MSE values decrease as n grows. Furthermore, it can be seen that the
estimate of the parameters a and µ are closer to the actual values in all cases. For all
values of the parameter b, the forecast of parameter b is less than its actual value in all
cases. The simulation was also conducted using different values for the parameters µ and
σ2, yielding the same results. Consequently, these are not included here.

5 Applications

Two data sets are examined in this part to show the value of the suggested process,
DGPLN. These data sets, provided in [1] and [8], are the propulsion diesel engine failure
data and the aircraft 3 data, respectively. The size of the first data set is 71 and is analyzed
by Wu [24] and Pekalp et al. [18, 19]. Wu [24] finds that the DGP outperforms other
models on the propulsion data set, and Pekalp et al. [19] demonstrate that this data set
is well-fitted by the DGP with Weibull interarrival times. The Cox-Lewis model is used
by Cox and Lewis [8] to examine thirteen data sets of the interarrival between subsequent
air conditioning system failures in thirteen Boeing 720 aircraft. In order to examine
the three biggest aircraft data sets (aircraft 3, 6, and 7), Lam [14] evaluates several
models, including the geometric process, the renewal process, the Cox-Lewis model, and
the Weibull process model. Lam comes to the conclusion that the geometric process
model is the most appropriate. We examine the aircraft 3 data set, which includes 29
interarrival times, in this part.

The proposed model is compared to the following models:

– GP with Weibull interarrival times, GPW [2],

– GP with log-normal interarrival times, GPLN [15],
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Table 1: The simulated biases and MSE’s for the estimators of the parameters for µ = 0
and σ2 = 1.

b = −1.5
â b̂ µ̂ σ̂2

a n Bias MSE Bias MSE Bias MSE Bias MSE

0.95 30 -0.0008 0.0017 -0.1921 0.5758 -0.0041 0.1438 0.117 2.0032

50 -0.0009 0.0009 -0.1154 0.3321 -0.0074 0.0839 0.1266 1.4089

100 -0.001 0.0005 -0.0567 0.1544 -0.0134 0.0515 0.1212 0.7428

0.99 30 0.0008 0.0006 -0.2161 0.6069 0.0131 0.1439 0.0478 1.2555

50 -0.0004 0.0002 -0.1195 0.3316 -0.01 0.0784 0.1365 1.1885

100 0.0003 0 -0.0906 0.1696 0.008 0.0478 0.0615 0.6813

1.05 30 -0.0001 0.0016 -0.2044 0.5578 0.0035 0.1309 0.0551 1.2247

50 0.0005 0.001 -0.1301 0.329 -0.0101 0.0929 0.0779 0.9496

100 0.0012 0.0005 -0.0604 0.1564 0.0067 0.0508 0.1085 0.725

b = −0.5
â b̂ µ̂ σ̂2

a n Bias MSE Bias MSE Bias MSE Bias MSE

0.95 30 -0.0004 0.0017 -0.1892 0.5805 -0.0047 0.1447 0.1398 1.9052

50 -0.0004 0.0008 -0.1223 0.3187 -0.0153 0.1054 0.1138 1.0667

100 -0.0001 0.0004 -0.0733 0.1612 -0.0126 0.0455 0.0662 0.6475

0.99 30 0.0007 0.0005 -0.2017 0.5876 0.0163 0.1212 0.0865 1.4667

50 -0.0001 0.0001 -0.1218 0.3077 0.0083 0.0903 0.0844 1.1206

100 -0.0002 0 -0.0686 0.165 -0.0053 0.0401 0.0993 0.6756

1.05 30 0.0034 0.0022 -0.1638 0.5694 0.0061 0.1394 0.1416 1.7815

50 0.0002 0.001 -0.1417 0.3153 0.0055 0.0871 0.0816 1.1134

100 0.0006 0.0005 -0.0763 0.1616 0.012 0.0516 0.0751 0.6371

– DGP with Weibull interarrival times, DGPW [19].

To select the best model, we consider two information criteria, the corrected Akaike
information criterion (AICc) and Bayesian information criterion (BIC), which are defined
as

AICc = −2 ln L̂+ 2k +
2k(k + 1)

n− k − 1
,

BIC = −2 ln L̂+ k lnn,

where k is the model’s parameter count, n is the sample size, and L̂ is the model’s
maximum likelihood function value. It should be noted that the AICc is a modification
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Table 2: The simulated biases and MSE’s for the estimators of the parameters for µ = 0
and σ2 = 1.

b = 0.5

â b̂ µ̂ σ̂2

a n Bias MSE Bias MSE Bias MSE Bias MSE

0.95 30 -0.0014 0.0016 -0.1818 0.5601 -0.0119 0.147 0.088 1.47

50 -0.003 0.0009 -0.0663 0.2941 -0.0138 0.1015 0.1929 1.1897

100 -0.0014 0.0005 -0.06 0.1747 -0.0142 0.0551 0.1309 0.7662

0.99 30 -0.0009 0.0006 -0.1884 0.5807 -0.0145 0.1429 0.1482 1.9069

50 0 0.0001 -0.1018 0.3284 0.0052 0.086 0.1708 1.3835

100 -0.0002 0 -0.0485 0.16 -0.0004 0.0444 0.1429 0.7823

1.05 30 0.0056 0.0026 -0.1664 0.5648 0.0361 0.144 0.1778 3.7664

50 0.0015 0.001 -0.1141 0.3062 0.007 0.0837 0.1157 1.1342

100 0.0008 0.0006 -0.071 0.1618 0.0073 0.0473 0.1029 0.7803

b = 1.5

â b̂ µ̂ σ̂2

a n Bias MSE Bias MSE Bias MSE Bias MSE

0.95 30 0.0005 0.0014 -0.1981 0.5838 0.0105 0.1229 0.0956 1.5888

50 0.0001 0.0008 -0.1266 0.3057 0.0037 0.0948 0.0702 0.9848

100 -0.0002 0.0004 -0.0706 0.1574 -0.0147 0.0465 0.0816 0.6207

0.99 30 -0.0007 0.0007 -0.1662 0.5794 -0.0092 0.1415 0.1592 2.0632

50 -0.0001 0.0001 -0.1461 0.3261 -0.0042 0.0839 0.0933 1.2909

100 0 0 -0.0813 0.174 -0.0009 0.0412 0.0862 0.7116

1.05 30 0.006 0.0029 -0.1528 0.5605 0.02 0.1648 0.249 3.5479

50 0.0025 0.0011 -0.1131 0.332 0.0144 0.0895 0.1422 1.3596

100 0.001 0.0005 -0.0726 0.168 0.0196 0.0545 0.0835 0.6654

of the Akaike information criterion (AIC) used to measure model performance on small
data sets. A model with the smallest AICc and BIC values provides the best fit to the
data. The fitting results are shown in Table 3. According to this table, the DGPLN
model has the best fit based on the AICc and BIC.

Furthermore, asymptotic confidence intervals for the model parameters may be ob-
tained using the Fisher information matrix. The 95% asymptotic confidence intervals for
the parameters for each data set are shown in Table 4.
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Table 3: AICc and BIC criteria for the data sets.

Data set

Propulsion diesel engine failure data Aircraft 3

Model Parameters Estimates AICc BIC Estimates AICc BIC

GPW

â 0.9853

1413.932 1420.362

0.9721

315.453 318.595α̂ 6.3168 1.3618

β̂ 11829 59.852

GPLN

â 0.9821

1452.79 1459.219

0.9652

312.617 315.759µ̂ 9.1541 3.6022

σ̂2 0.1306 0.6115

DGPW

â 1.0076

1228.848 1237.292

0.9321

317.369 321.172
b̂ -0.3701 0.2846

α̂ 21.021 1.1202

β̂ 1575.7 91.344

DGPLN

â 1.0076

1213.062 1221.507

0.9096

310.954 314.757
b̂ -0.3839 0.4134

µ̂ 7.2547 4.2029

σ̂2 0.0022 1.0468

Appendix

Proof of Proposition 3.1 : Since Yk = a(k−1)X
(1+log k)b

k , k = 1, . . . , n, and Yk’s are
independent and log-normal random variables with the same parameters µ and σ2. For
k = 1, . . . , n, we can easily obtain

E(lnXk) = (1 + log k)−b(E(lnYk)− (k − 1) ln a) = (1 + log k)−b(µ− (k − 1) ln a), (5.1)

and

E(lnXk)
2 = (1 + log k)−2bE (lnYk − (k − 1) ln a)2 (5.2)

= (1 + log k)−2b[σ2 + (µ− (k − 1) ln a)2].

Table 4: 95% Asymptotic confidence interval for the model parameters.

Propulsion diesel engine failure data Aircraft 3

Parameter Lower bound Upper bound Lower bound Upper bound

a 1.006796 1.008549 0.779493 1.039764

b -0.397938 -0.369935 -0.350216 1.1770906

µ 7.189976 7.319935 2.808522 5.597453

σ2 0.001477 0.002944 -0.205665 2.299267
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Then, the elements of Fisher information matrix, I(θθθ) = Iij, are computed as

Iij = E

[(
∂l(θθθ)

∂θi

)(
∂l(θθθ)

∂θj

)
|θθθ
]
, (5.3)

and under certain regularity conditions, Iij = −E
[
∂2l(θθθ)
∂θi∂θj

|θθθ
]
. Using 5.1 and 5.2, we have

I11 = −E
(
∂2l(θθθ)

∂θ21

)
=
n(n− 1)(2n− 1)

6a2σ2
,

I12 = −E
(
∂2l(θθθ)

∂θ1∂θ2

)
=

1

aσ2

n∑
k=1

(k − 1)(µ− (k − 1) ln a) ln (1 + log k),

I13 = −E
(
∂2l(θθθ)

∂θ1∂θ3

)
=
−n(n− 1)

2aσ2
, I14 = −E

(
∂2l(θθθ)

∂θ1∂θ4

)
= 0,

I22 = −E
(
∂2l(θθθ)

∂θ22

)
=

1

σ2

n∑
k=1

(
2σ2 + µ2 + (k − 1)2(ln a)2 − 2(k − 1)µ ln a

)
× (ln (1 + log k))2 ,

I23 = −E
(
∂2l(θθθ)

∂θ2∂θ3

)
=

1

σ2

n∑
k=1

((k − 1) ln a− µ) ln (1 + log k),

I24 = −E
(
∂2l(θθθ)

∂θ2∂θ4

)
=
−1
σ2

n∑
k=1

ln (1 + log k),

I33 = −E
(
∂2l(θθθ)

∂θ23

)
=

n

σ2
, I34 = −E

(
∂2l(θθθ)

∂θ3∂θ4

)
= 0, I44 = −E

(
∂2l(θθθ)

∂θ24

)
=

n

2σ4
.
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[19] Pekalp, M. H., Eroğlu İnan, G. and Aydoğdu, H. (2022). Statistical inference for dou-
bly geometric process with Weibull interarrival times. Communications in Statistics -
Simulation and Computation. 51(6), 3428-3440.

[20] Usta, I. (2019). Statistical Inference for geometric process with the inverse Rayleigh
distribution. Sigma Journal of Engineering and Natural Sciences. 37(3), 861-872.

[21] Usta, I. (2022). Bayesian estimation for geometric process with the Weibull distribu-
tion. Communications in Statistics - Simulation and Computation. 53(5), 2527-2553.

[22] Yang A., Yu, H. and Yang, Z. (2006). The MLE of geometric parameter for a geomet-
ric process. Communications in Statistics - Theory and Methods. 35(10), 1921-1930.

[23] Wang, H., and Pham, H. (1996). A quasi renewal process and its applications in
imperfect maintenance. International Journal of Systems Science. 27, 1055-1062.

[24] Wu, Sh. (2018). Doubly geometric processes and applications. Journal of the Opera-
tional Research Society. 69(1), 66-77.

144



A New Design of a Combined Control Chart Based

on Exponentially Weighted Moving Average for

Normal Quality Variables

Moradi, N. 1 Salehi, E. 2

Department of Industrial Engineering, Birjand University of Technology, Birjand, Iran

Abstract

The production of high-quality products can be effectively achieved through
the application of statistical quality control methods, particularly control charts.
These tools facilitate precise monitoring of production processes and enable
the rapid identification of any deviations. In this study, we focus on designing
combined control charts by integrating Double Exponentially Weighted Moving
Average (DEWMA) charts and Double Moving Average (DMA) charts. These
combined charts are specifically developed to monitor quality characteristics that
follow a normal distribution. The performance of these charts is evaluated using
the Average Run Length (ARL) index under various parameters. The results
demonstrate that the proposed charts significantly outperform traditional control
charts in detecting small shifts in the process.
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1 Introduction

Nowadays, the use of control charts in Statistical Process Control (SPC) is considered
an essential tool for quality management and identifying changes in processes. The con-
trol chart was first introduced by Shewhart[10]. This type of control chart, due to its
focus on the data from the latest sample, only responds to large changes. In contrast,
some charts, such as the Moving Average (MA) and exponentially weighted moving av-
erage (EWMA), which utilize all data points, have a higher capability to detect small
changes. This characteristic allows these charts to perform better than Shewhart charts
in monitoring and identifying small process shifts. In recent years, researchers’ attention
has increased towards control charts like MA, DMA, and EWMA. In a study, Khoo and
Wang [6] introduced the DMA chart for quality characteristics with a normal distribution
by calculating the MA twice. They demonstrated that the DMA chart performs better
than the MA chart in detecting small to moderate changes, but shows similar performance
in detecting large changes. Khan et al. [5] designed an EWMA control chart based on
the MA statistic for quality characteristics with an exponential distribution. This control
chart shows better performance compared to both the EWMA and MA charts in detect-
ing small changes. The DMA control chart based on the EWMA statistic was proposed
by Aslam et al. [3] for quality characteristics with an exponential distribution. This
chart outperforms the charts developed by Khan et al. [5] and Khu and Wang [6] in de-
tecting small changes. The Double Exponentially Weighted Moving Average (DEWMA)
control chart for monitoring quality characteristics with an exponential distribution was
designed by Adeoti [1]. This chart demonstrates better performance compared to EWMA
and CUSUM charts in detecting process changes. In another study, Taburan and Suk-
parungsee [12] designed a hybrid EWMA-DMA control chart, combining the strengths of
EWMA and DMA to effectively detect small to moderate changes in process parameters
under various distributions. Using Monte Carlo simulations and real data, this research
shows that the EWMA-DMA chart performs better than classical control charts in de-
tecting small changes. Shanshool et al. [11] proposed a combined Shewhart and EWMA
control chart based on the sign statistic for detecting changes in mean and variability in
processes. The results indicate that this combined chart improves the ability to detect
process changes by striking a balance between the performance of Shewhart and EWMA
charts, demonstrating sensitivity to both small and large changes.
In this study, we have designed a novel hybrid control chart for situations where quality
variables follow a normal distribution and have evaluated its performance. The paper is
organized as follows: Section 2 is dedicated to the design of the hybrid control chart (a
combination of DMA and EWMA). In Section 3, the performance of the control charts is
assessed based on the Average Run Length. The application of the proposed control chart
in the healthcare domain is examined in Section 4. Finally, the conclusions are presented
in Section 5.

2 Design of the Control Chart

In this section, we design a new combined control chart, assuming that the quality charac-
teristic of interest (X) follows a normal distribution with mean parameter µ0 and variance
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σ2. The combined control chart is presented as follows:
Step 1: In this step, a random sample of size n is selected from the i-th subgroup. The
quality characteristic corresponding to these samples is denoted and measured by Xij,
where j = 1, 2, . . . , n. Then,

X̄i =
1

n

n∑
j=1

Xij.

Step 2: The MA statistic is calculated from the mean of the current and past subgroups
with width w at time i, based on the following relation:

MAi =
X̄i + X̄i−1 + . . .+ X̄i−w+1

w
.

Step 3: The EWMA statistic at the i-th stage is calculated using the smoothing constant
λ (0 < λ ≤ 1), as follows:

Mi = λMAi + (1− λ)Mi−1 (2.1)

Step 4: TheDMA statistic is calculated from the mean of the current and past subgroups
with width w at time i, based on the following relation:

DMAi =
Mi +Mi−1 + · · ·+Mi−w+1

w
. (2.2)

Remark 2.1. The desired statistic up to the third stage was designed by Khan and col-
leagues [5] for the case where the quality characteristic follows an exponential distribution.
Furthermore, Aslam and colleagues [3] studied and investigated the DMA statistic up to
the fourth stage for the case where the quality characteristic follows an exponential dis-
tribution.

In the following, we design a new control chart DMEi (a combination of the DMA
and EWMA charts). The statistic DMEi is derived from the DMAi’s using the constant
λ (where 0 < λ ≤ 1), and it is given by:

DMEi = λDMAi + (1− λ)DMEi−1 (2.3)

Step 5: Decision-making is based on comparing DMEi with the control limits UCL
and LCL. If DMEi falls between UCL and LCL at any time period, the process is
considered in control. Otherwise, the process is out of control and requires investigation
and corrective actions.
To calculate the control limits UCL and LCL, the approach similar to the Shewhart
control chart can be used. For this, it is necessary to calculate the mean and variance of
the DMEi statistic when the process is in control. It is assumed that when the process
is in control, µ0 is the mean of the normal data Xij. In this case, the expected value and
variance of the DMEi statistic are given by:

E(DMEi) = µ0,

V ar(DMEi) =
σ2

nw2

(
λ

2− λ

)2

.
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Therefore, the control limits UCL and LCL are obtained as follows:

UCL/LCL = µ0 ± k

√
σ2

nw2

(
λ

2− λ

)2

.

where k is the control constant that needs to be determined. Typically, the control constant is
set based on the allowable Type I error or the in-control ARL. The probability of detecting the
process as in control at µ0 is given by:

P 0
in = P (LCL ≤ DMEi ≤ UCL|µ0).

If the statistic DMEi follows a normal distribution, by transforming equation (2.3) and after
simplification, it becomes [2]:

P 0
in = Φ(k)− Φ(−k) = 2Φ(k)− 1.

where Φ is the cumulative distribution function of the standard normal distribution. The per-
formance of each control chart is determined based on the ARL. The in-control Average Run
Length, which is solely a function of the control constant k, is given by:

ARL0 =
1

1− P 0
in

. (2.4)

Assume that the process changes from µ0 to µ1 = µ0 + cσ. After calculating the expected value
and variance of the DMEi statistic, the probability that the changed process is detected as
in control (in other words, the probability of not detecting the change in the process) is given
by: P 1

in = P (LCL ≤ DMEi ≤ UCL|µ1) This value can be calculated based on the cumulative
distribution function of the standard normal distribution. The Average Run Length (ARL)
when the process is out of control for the changed process is given by:

ARL1 =
1

1− p1in

3 Performance Evaluation

The performance of the control chart is evaluated based on the ARL criterion, which is the most
widely used measure for evaluating control charts [7]. The ARL is defined as the average number
of subgroups until an out-of-control sample is observed. Table 1 shows the values of ARL1 for
different values of ARL0 = 300, the constant λ = (0.1, 0.4, 0.9), window width w = (5, 4, 3),
change magnitude c = (0, 0.5), for a sample size of n = 5 in the proposed control chart. For
ARL0 = 370, the control constant k = 2.9997, and for ARL0 = 300, k = 2.9352 is determined.
From the data in these tables, it is observed that smaller values of λ detect changes in the
process faster than larger values. Additionally, increasing the width w leads to faster detection
of changes in the process. For example, when ARL0 = 300, λ = 0.1, and c = 0.01, for w = 3,
ARL1 = 20.7, and for w = 4, ARL1 = 9.2.
Next, we aim to evaluate the performance of the proposed control chart in comparison with
two different control charts. These comparisons are based on simulation data, assuming the
data follows a normal distribution with parameters µ0 = 1 and σ2 = 1, as shown in Table ??.
The comparisons are conducted for different values of λ = 0.1 and n = 5. Initially, we have
proceeded to compare our proposed control chart with the control chart presented by Aslam
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and colleagues [3]. Table 3 shows the values of ARL1 for the proposed control charts and the
DMA chart. The obtained results indicate that the proposed control chart detects small process
changes significantly faster. As can be seen in Figure 1, the proposed control chart detects that
the process is out of control at sample 10, whereas the DMA chart identifies this change at
sample 19.
Next, the proposed control chart is compared with the chart presented by Khan et al. [5]. Table
4 shows the ARL1 values for both charts, and Figure 2 also compares the performance of these
two control charts. As can be observed, the proposed control chart goes out of control at sample
10. In contrast, the control limits of the chart by Khan and colleagues [5] are wider than those
of the proposed chart and lack the ability to detect this change in the process.

Table 1: The ARL1 of proposed chart when ARL0 = 300

w = 3 w = 4 w = 5

λ λ λ

Change (c) 0.1 0.4 0.9 0.1 0.4 0.9 0.1 0.4 0.9

0 300.00 300.00 300.00 300.00 300.00 300.00 300.00 300.00 300.00

0.001 278.4 299.4 299.9 263.5 299.0 299.8 246.3 298.4 299.7

0.002 227.8 297.7 299.6 190.4 296.0 299.3 155.8 293.7 298.9

0.005 91.2 286.2 297.6 53.8 276.3 295.8 32.7 264.4 293.5

0.01 20.7 251.0 290.7 9.2 221.9 283.9 4.8 192.3 275.5

0.02 2.9 164.4 265.8 1.5 117.8 243.7 1.10 83.8 219.7

0.05 1.00 37.2 161.5 1.00 18.0 114.9 1.00 9.6 81.2

0.1 1.00 5.6 57.8 1.00 2.5 30.5 1.00 1.50 17.1

0.2 1.00 1.20 10.20 1.00 1.00 4.4 1.00 1.00 2.4

0.5 1.00 1.00 1.10 1.00 1.00 1.00 1.00 1.01 1.00

Figure 1: Comparison of the performance of the proposed control chart DMEi and DMA chart by
Aslam et al.[3]
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Table 2: Simulated data from with parameters N(1,1)

i X1 X2 X3 X4 X5 X̄ MA EWMA DMA DMEi

1 0.807 0.058 1.071 1.164 1.640 0.948 0.948 0.995 0.995 0.999

2 1.057 0.695 1.948 1.450 0.588 1.148 1.048 1.000 0.997 0.999

3 0.900 2.710 0.966 1.219 0.647 1.288 1.128 1.013 1.003 1.000

4 −0.323 0.595 2.051 0.612 1.209 0.829 1.088 1.020 1.011 1.001

5 1.541 0.816 0.163 1.179 0.504 0.840 0.986 1.017 1.017 1.002

6 0.518 1.104 2.378 1.906 2.446 1.670 1.113 1.027 1.021 1.004

7 0.191 1.855 1.697 0.313 1.012 1.014 1.175 1.041 1.028 1.007

8 1.404 2.070 2.047 1.451 1.132 1.621 1.435 1.081 1.050 1.011

9 0.965 0.351 1.188 −0.398 1.903 0.802 1.145 1.087 1.070 1.017

10 1.445 0.930 0.475 1.936 0.880 1.133 1.185 1.097 1.088 1.024

11 1.379 −0.439 1.154 0.726 1.378 0.840 0.925 1.080 1.088 1.030

12 0.975 1.713 0.883 2.395 0.415 1.276 1.083 1.080 1.086 1.036

13 1.294 −1.025 1.953 1.658 0.616 0.899 1.005 1.073 1.078 1.040

14 2.417 1.266 −1.474 1.110 0.755 0.815 0.997 1.065 1.073 1.043

15 2.151 1.655 2.075 1.851 0.487 1.644 1.119 1.071 1.069 1.046

16 0.638 0.055 2.493 0.800 2.039 1.205 1.221 1.086 1.074 1.049

17 0.143 −0.452 1.797 1.584 0.469 0.708 1.186 1.096 1.084 1.052

18 1.720 1.698 1.252 2.078 1.354 1.620 1.178 1.104 1.095 1.057

19 1.469 1.647 0.142 1.679 0.552 1.098 1.142 1.108 1.102 1.061

20 0.725 0.550 0.318 1.250 1.212 0.811 1.176 1.115 1.109 1.066

21 0.120 1.079 0.639 0.674 0.053 0.513 0.807 1.084 1.102 1.069

22 0.175 2.487 1.519 −0.607 1.191 0.953 0.759 1.051 1.083 1.071

23 −0.052 0.915 1.023 1.544 −0.461 0.594 0.687 1.015 1.050 1.069

24 0.170 4.102 1.644 1.223 −0.632 1.301 0.949 1.008 1.025 1.064

25 1.258 2.895 1.768 1.340 0.944 1.641 1.179 1.025 1.016 1.060

26 1.378 1.095 1.376 −1.044 −0.185 0.524 1.155 1.038 1.024 1.056

27 1.571 1.524 1.917 −0.124 0.185 1.015 1.060 1.040 1.035 1.054

28 1.520 2.679 1.387 1.554 −0.037 1.420 0.986 1.035 1.038 1.052

29 2.652 1.334 −0.509 −0.446 −0.102 0.586 1.007 1.032 1.036 1.051

30 −0.512 0.300 1.216 2.099 −0.566 0.507 0.838 1.013 1.027 1.048

31 1.325 0.282 1.362 −1.042 0.309 0.447 0.514 0.963 1.003 1.044

32 2.442 0.633 1.388 1.503 1.508 1.495 0.817 0.948 0.975 1.037

33 0.290 0.112 1.907 1.244 1.309 0.972 0.972 0.951 0.954 1.029

34 0.761 2.568 0.816 1.063 1.016 1.245 1.237 0.979 0.959 1.022

35 1.455 0.703 −1.116 0.882 0.363 0.457 0.892 0.971 0.967 1.016

36 0.572 −1.161 2.115 1.855 0.229 0.722 0.808 0.954 0.968 1.011

37 0.244 2.082 1.271 1.750 1.561 1.381 0.854 0.944 0.956 1.006

38 1.488 0.985 1.247 −0.377 1.051 0.879 0.994 0.949 0.949 1.000

39 0.134 −0.486 2.050 0.940 0.614 0.650 0.970 0.951 0.948 0.995

40 2.137 0.107 0.623 1.536 2.256 1.332 0.954 0.952 0.951 0.991

4 Application of the Proposed Control Chart

In this section, the performance of the proposed control chart is evaluated using real data from
the healthcare sector. The data pertains to the duration (in days) between the admission and
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Table 3: Comparison of ARL1 between proposed control chart DMEi vs DMA Aslam et al. [3]

w = 3 w = 4

ARL0 = 300 ARL0 = 370 ARL0 = 300 ARL0 = 370

Change (c) DMEi DMA DMEi DMA DMEi DMA DMEi DMA

0 300 300 370 370 300 300 370 370

0.001 278.44 298.79 342.42 368.5 263.51 297.85 323.38 367.28

0.002 227.84 295.21 278.14 363.9 190.35 291.59 231.01 359.2

0.005 91.24 272.20 108.50 334.45 53.79 253.60 63.14 310.70

0.01 20.65 211.17 23.66 257.14 9.23 169.47 10.33 204.9

0.02 2.85 104.24 3.06 124.39 1.47 63.83 1.52 75.24

0.05 1.00 14.21 1.0 16.11 1.00 6.16 1.00 6.81

0.1 1.00 2.01 1.0 2.12 1.00 1.20 1.00 1.22

0.2 1.00 1.00 1.0 1.0 1.00 1.00 1.00 1.00

0.5 1.00 1.00 1.0 1.0 1.00 1.00 1.00 1.00

Figure 2: Comparison of the performance of the proposed DMEi control chart and the EWMA chart

by Khan et al. [5]

discharge of male patients diagnosed with urinary tract infections (UTI) at a hospital. This
dataset was first introduced by Santiago and Smith [9] in the design of the t-chart for the
exponential distribution. Based on the study by Aslam et al. [3], the exponential data provided
in this research was used and, after transformation to a normal distribution, is presented in Table
5. Considering λ = 0.01 and w = 3, the control limits were calculated based on an ARL = 300.
The control limits for the proposed chart are: UCL = 0.595 and LCL = 0.596, while the control
limits for the chart by Aslam et al. [3] are UCL = 0.602 and LCL = 0.588, as shown in Figure
3. As seen in this figure, the DMA control chart is in control, whereas the proposed control
chart indicates that the process has gone out of control after sample 17.
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Table 4: Comparison of ARL1 between proposed control chart DMEi vs EWMA chart by Aslam et al.

[5]

w = 3 w = 4

ARL0 = 300 ARL0 = 370 ARL0 = 300 ARL0 = 370

Change (c) DMEi EWMA DMEi EWMA DMEi EWMA DMEi EWMA

0 300 300 370 370 300 300 370 370

0.001 278.44 299.59 342.42 369.5 263.51 299.46 323.38 369.34

0.002 227.84 298.39 278.14 368.0 190.35 297.85 231.01 367.28

0.005 91.24 290.18 108.50 357.4 53.79 287.04 63.14 353.42

0.01 20.65 263.94 23.66 323.9 9.23 253.60 10.33 310.78

0.02 2.85 191.32 3.06 232.2 1.47 169.47 1.52 204.94

0.05 1.00 54.54 1.00 64.0 1.00 39.97 1.00 46.58

0.1 1.00 9.41 1.00 1.5 1.00 6.16 1.00 6.81

0.2 1.00 1.54 1.00 1.0 1.00 1.20 1.00 1.22

0.5 1.00 1.00 1.00 1.0 1.00 1.00 1.00 1.00

Table 5: Practical Data in Healthcare Domain (Aslam et al[3])
i X1 X2 X3 X̄ MA EWMA DMA DMEi

1 0.48574 0.54782 0.42293 0.48550 0.48550 0.59441 0.59441 0.59550

2 0.59341 0.20738 0.57385 0.45821 0.47185 0.59318 0.59380 0.59548

3 0.58578 0.55508 0.50718 0.54935 0.49768 0.59223 0.59327 0.59546

4 0.57790 0.43172 0.77715 0.59559 0.53438 0.59165 0.59235 0.59543

5 0.58963 0.36958 0.56296 0.50739 0.55077 0.59124 0.59171 0.59539

6 0.38876 0.73270 0.62489 0.58211 0.56170 0.59095 0.59128 0.59535

7 0.50718 0.88696 0.90865 0.76760 0.61903 0.59123 0.59114 0.59531

8 0.73913 0.58963 0.59712 0.64196 0.66389 0.59195 0.59138 0.59527

9 0.40374 0.30485 0.67776 0.46211 0.62389 0.59227 0.59182 0.59523

10 0.67776 0.40374 0.42293 0.50147 0.53518 0.59170 0.59198 0.59520

11 0.71250 0.80987 0.32433 0.61557 0.52639 0.59105 0.59168 0.59517

12 0.55418 0.65849 1.02394 0.74554 0.62086 0.59135 0.59137 0.59513

13 0.83425 0.71250 0.44007 0.66227 0.67446 0.59218 0.59153 0.59509

14 0.56123 0.84039 0.36958 0.59040 0.66607 0.59292 0.59215 0.59506

15 0.68040 0.59190 0.39319 0.55516 0.60261 0.59301 0.59270 0.59504

16 0.77566 0.83642 0.66968 0.76058 0.63538 0.59344 0.59312 0.59502

17 0.35891 0.49555 0.75276 0.53574 0.61716 0.59368 0.59338 0.59500

18 0.85549 0.55669 0.69569 0.70263 0.66632 0.59440 0.59384 0.59499

5 Conclusion

In this paper, a new control chart for quality characteristics that follow a normal distribution
has been studied and evaluated. This chart is designed based on a combination of Double Ex-
ponential Weighted Moving Average (DEWMA) and Double Moving Average (DMA) statistics.
The control limits of this chart are constructed using the well-known Shewhart-type method-
ology. Subsequently, the proposed control chart is compared with existing prior control charts,
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Figure 3: Comparison of the performance of the proposed control chart DMEi by the DMA control

chart of Aslam et al. [3] for UTI data

and their performance is evaluated based on the common criterion of Average Run Length
(ARL). The results indicate that the proposed control chart outperforms the existing prior con-
trol charts, particularly in detecting out-of-control conditions. It demonstrates higher accuracy
and efficiency, especially in identifying small shifts in the process.
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Rahimi, G. 1 Karimi, M. 2 Rafighi, M. 3 Vesali, N. 4 Safari, A. 5 Haghighi, F. 6

Department of Science, Faculty of Mathematics, Statistics and Computer Science, University
of Tehran Tehran, Iran

Abstract

In this article, we introduce a framework based on reinforcement learning
(RL) for optimizing Condition-Based Maintenance (CBM) with inherent random
delays. The degradation of the system is represented using a Gamma Process,
and decision-making is executed through a Q-learning algorithm. A significant
challenge in these systems is managing intervention delays, where an action
taken does not produce immediate results. Unlike earlier research that treated
the delay as a fixed amount, this study considers it a random variable, making
the optimization process more realistic. The simulation study investigates the
optimization of railway track maintenance strategies, focusing on the identification
of cost-effective intervention policies at each inspection while accounting for both
track degradation levels and stochastic intervention delays. The simulation results
demonstrate that the proposed RL-based methodology achieves a significant
reduction in long-term maintenance costs compared to a fixed-threshold strategy.
Specifically, cost reductions of approximately 19% and 45% were observed for
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scenarios with intervention delays shorter than and longer than the inspection
interval, respectively.

Keywords: condition-based maintenance optimization, intervention delay,
reinforcement learning, Q-learning

1 Introduction

Optimizing maintenance in systems that undergo gradual degradation over time, such as trans-
portation infrastructure like railways, power plants, and heavy industries, is a critical challenge.
These systems are subject to stochastic processes, such as the gamma degradation model, where
degradation occurs progressively and unpredictably. The optimization of maintenance strate-
gies for systems exhibiting gamma process to model degradation has been extensively studied
over the years. Notably in 2002, Grall et al. explored the application of the gamma process in
maintenance modeling [1]. In 2003, Brenguer et al. investigated a system with gamma-based
degradation, incorporating continuous monitoring and intervention delays [2].

These traditional maintenance methods, however, often exhibit limitations in their ability
to adapt to the dynamic nature of systems and their components. These methods typically
rely on simplified assumptions and pre-determined thresholds for triggering specific interven-
tions. This reliance can lead to inefficiencies in real-world environments characterized by vari-
ous uncertainties. While techniques such as stochastic process modeling or renewal theory are
frequently incorporated to enhance these models, they can introduce a degree of complexity.
Consequently, with the increasing sophistication of machine learning techniques, particularly
reinforcement learning (RL), there is a growing imperative to use these methods to enhance
traditional approaches. In recent years, the application of RL in maintenance optimization has
gained significant traction, demonstrating its potential to address the limitations of traditional
approaches.

Numerous studies have demonstrated RLs crucial role in maintenance decision-making and
long-term cost reduction. In infrastructure maintenance management, RL has been utilized to
optimize maintenance policies for large-scale structures such as bridges, with models learning
Q-values and refining strategies based on historical data [5]. Additionally, recent research has
explored the integrated optimization of preventive maintenance and production scheduling in
single-machine manufacturing systems. These studies employ Markov Decision Process (MDP)
modeling and the R-learning algorithm to derive optimal policies, while novel RL approaches
have been proposed to improve efficiency and adaptability in complex manufacturing environ-
ments [4].

Collectively, these studies highlight that Reinforcement Learning in maintenance and inspec-
tion offers smarter and more efficient decision-making compared to traditional methods, playing
a key role in cost optimization and improving the performance of industrial systems. To that
end, this study aims to leverage the power of RL in the field of maintenance by point out to one
of the key challenges in finding an optimal policy for maintaining a system following a Gamma
degradation process, which is intervention delays.

Intervention delays mean that after identifying the need for maintenance, a specific amount
of time is required for its execution, which can lead to systems degradation and increase main-
tenance costs. This issue requires an optimal balance between timely interventions to prevent
severe failures and controlling maintenance costs.
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In 2009, Meier-Hirmer et al. proposed a maintenance optimization framework for systems
undergoing gamma process degradation with fixed intervention delays [3]. Their study, which
serves as the primary foundation for this work, employs Markov renewal techniques to compute
long-term mean costs. The analysis considers two scenarios: one where the intervention delay
is shorter than the inspection interval and another where it exceeds the inspection interval. In
each of these scenarios, an optimal standard intervention initialization (SII) threshold is obtained
with the purpose of minimizing the long-term mean costs. However, in both cases, the delay
remains constant.

In contrast, this research aims to extend the optimization by leveraging the Q-learning
algorithm within an RL framework to derive an optimal maintenance policy under conditions
where intervention delays are stochastic rather than fixed. By embracing the uncertainty of the
world, this makes the study to be more realistic. Our optimal policy has shown a significant mean
cost reduction comparing to the optimal policy, obtained from Meier-Hirmer study. In addition,
the trained agent learns to do a major intervention after the level of degradation surpasses
1.95. This introduces some sort of a preventive major intervention, rather than corrective,
which results the optimal policy to be more conservative, but with a significant reduction in the
average long-term cost.

The subsequent sections will first outline the underlying system assumptions. Next, in
section 3, we will detail the types of interventions considered and introduce the primary challenge
addressed in this work, which is the intervention delay. Following the maintenance model, we
will provide a concise overview of the reinforcement learning framework and the principles of
Q-learning in section 4. This foundation will then enable us to present the simulation study in
section 5, and analyze the strengths and limitations of the proposed methodology in section 6.

2 System Assumption

In this system, degradation increases gradually and unpredictably, and the overall condition
of the system is regularly assessed through inspections. As the degradation level increases,
maintenance interventions become necessary a detailed explanation of the different type of in-
terventions will be provided in section 3. For now, we focus on the system and its components,
which include:

2.1 Degredation Process

The system’s condition is represented through an age variable, which gradually increases over
time. This age reflects the system’s level of degradation, which changes continuously. We use
Gamma process to model degradation, a random process that describes the progressive increase
in degradation over time. If Xt represents the degradation level at time t, then:

• X0 = 0: This implies that at the beginning of the model, the system has no degradation
or damage and is in a healthy state.

• Xt has independent increments: This means that changes in the process at any time
step are independent of the changes in prior time steps.
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• Increments follow a gamma distribution: for s > 0 and t ≥ 0, Xt+s −Xt follows a
Gamma distribution with parameters as and β. The probability density function (PDF)
is given by:

f(x;αs, β) =
βα

Γ(αs)
xα−1e−βxI(x > 0)

where α > 0 is the shape parameter, β > 0 is the rate parameter, and Γ(α) is the gamma
function.

2.2 Degredation Limit

Degradation Limit (DL) represents the critical boundary beyond which the system is consid-
ered to be in an undesirable condition, necessitating a corrective major intervention. Important
thing is that the system still works after the level of degradation surpasses this limit, but the
option for maintenance is only limited to a major intervention. This limit is usually prespecified
by experts in the associated field, therefore finding its optimal value is not the objective of our
study.

3 Maintenance Model

3.1 Inspections

The system is inspected at regular intervals δ to assess the degradation level and to evaluate
the system’s condition. The goal of these inspections is to accurately determine the system’s
status and whether a maintenance intervention is required. Depending on the context, any
amount of time could determine a full interval, like weeks, months, or years.

3.2 Types of Interventions

When the systems condition reaches a level where degradation surpasses an acceptable
threshold, maintenance actions begin. These interventions can be either standard interven-
tion or major intervention, depending on the degree of degradation and the system’s condition.
Standard Intervention can be considered as some sort of preventive maintenance because its
purpose is to make a repair at the time when the system is still in a healthy state. Major
interventions, on the other hand, could be either preventive or corrective depending on whether
the system has reached the state of being heavily deteriorated, which is explainable according
to which side of the DL threshold the level of degradation at the corresponding inspection falls.

3.3 Intervention Thresholds
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In this study, the maintenance process is governed by three critical thresholds, which dictate
when an intervention should be initiated. The Standard Intervention Initiation (SII) threshold
marks the point at which the degradation level exceeds a value that poses a potential risk to
future performance. When the degradation level exceeds SII at an inspection time, a standard
intervention is scheduled. But from some point on, standard intervention is not the best option
anymore because system has deteriorated to the level which a more costly repair, like a major
intervention is needed.

We introduce a third threshold called MII which stands for Major Intervention Initiation.
When systems degradation surpasses this threshold, a preventive major intervention is scheduled.
We call it preventive because it is upper bounded by the DL, meaning the system is still in a
healthy condition, but needs a major intervention. In addition, after system exceeds the DL
level, a corrective major intervention is initiated.

The objective of this study is to find the optimal values for SII and MII, since DL is a pre-
specified threshold set out by experts that doesnt need to be estimated. Setting these thresholds
involves optimizing the balance between intervention costs and the risks associated with system
degradation, requiring careful consideration of the trade-offs involved. The maintenance actions
based on the degradation level are summarized in Table 1.

Table 1: Maintenance actions based on degradation level

Degradation Level Action

Degradation Level < SII No Action

SII ≤ Degradation Level < MII Standard Intervention

MII ≤ Degradation Level < DL Preventive Major Intervention

Degradation Level ≥ DL Corrective Major Intervention

3.4 Intervention Delays

Intervention delays refer to the time gap between identifying the need for maintenance and
its actual execution. Both of the interventions are executed with a delay. In this study, the
delay is treated as a random variable rather than a fixed value.

• Delay for Standard Interventions: The delay for standard interventions is denoted as
td, which can be either greater or smaller than the inspection interval δ. If the execution
of a scheduled standard intervention is delayed more than an inspection interval (td > δ),
and the degradation level has exceeded DL, then the intervention type is switched to
major, and a corrective major intervention is executed within a delay smaller than the
inspection interval.

• Delay for Major Interventions: The delay for major interventions is denoted as TD.
The delay of a major intervention (preventive or corrective) is always smaller than the
inspection interval δ (TD < δ). This assumption is due to the urgency and critical nature
of major interventions, which require immediate attention to prevent further damage or
system failure.
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3.5 Gain

The gain quantifies the improvement in the systems condition after maintenance is performed
and depends on the degradation level at the time of intervention and the type of intervention.
The intervention gain comes from a normal distribution g(µ+ηx),σ with the mean (µ + ηx) and
standard deviation σ, where µ, η, and σ are given parameters, and x is the degradation level just
before the intervention is executed. These parameters can be estimated based on historical data
or through regression models that relate the gain to the degradation level before the intervention.

The random gain generated will be subtracted from the current level of degradation. Unlike
the usual setup in maintenance models where we assume the gain will put the system in a
healthier condition, this is not the case here. It means that the random numbers generated from
the mentioned normal distribution are not necessarily positive. The dependence of the mean
parameter on the level of degradation leads to the generation of negative numbers associated with
smaller degrees of degradation. Ironically, this means that initiating any type of intervention
too early not only wont improve the systems condition, but also will worsen it. This could be a
bit strange since we always assume that any kind of repair will make the system healthier, but
in reality, this is not always true. The random nature of gain and its means dependency on the
level of degradation lead us to have a more realistic system that is not always affected in a good
way as a result of an intervention.

3.6 Costs

The goal of the model is to minimize long-term costs, which include inspection and inter-
vention costs.

where:

• Ci is the inspection cost,

• Cr is the standard intervention cost,

• Cdl is the major intervention cost.

4 Reinforcement Learning

Reinforcement Learning (RL) is a machine learning paradigm in which an agent interacts with an
environment and learns optimal decision-making strategies through feedback. Unlike supervised
learning, which relies on labeled datasets, RL enables an agent to learn directly from trial and
error, using rewards as a guide. A defining characteristic of RL is the presence of non-immediate
rewards, where the impact of an action may not be immediately apparent but influences future
states and outcomes.

RL is typically modeled as a Markov Decision Process (MDP), which consists of a set of
states, actions, transition probabilities, and rewards. The agents objective is to derive a pol-
icy that maximizes the expected cumulative reward over time. A key challenge in RL is the
exploration-exploitation trade-off the agent must balance leveraging known high-reward actions
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(exploitation) with trying new actions to discover potentially better strategies (exploration).
Achieving this balance is critical for learning efficiency.

The effectiveness of RL largely depends on how the environments states are defined, as the
agent makes decisions based on state information. In the context of maintenance optimization,
system degradation serves as the primary state indicator. The degradation level, however, is
a continuous variable, which poses computational challenges. To address this, discretization is
applied to convert continuous degradation levels into manageable discrete states. This transfor-
mation ensures that RL algorithms operate efficiently without encountering infinite state spaces.
The specific discretization approach and its impact on learning will be further detailed in the
simulation study.

4.1 Q-Learning Algorithm

Q-learning is a model-free algorithm in reinforcement learning, offering an efficient approach
to finding optimal policies in sequential decision-making problems. The term model-free high-
lights the fact that theres no presumed model for how the environment works, which is specified
with the transition probabilities. This reduces the RL components to states, actions, and re-
wards. This algorithm operates based on the Q-function, which represents the expected value of
cumulative rewards for each state-action pair. The primary goal of Q-learning is to approximate
the Q-function to determine the best action in each state, such that the agent can learn a policy
that maximizes the possible reward over time.

In this algorithm, the agent observes a state s, selects an action a, and, after executing that
action, the environment returns a new state s′ along with a reward value r to the agent. Then,
the value of the Q-function for the state-action pair (s, a) is updated as follows:

Q(s, a)← Q(s, a) + τ

(
r + γmax

a′
Q(s′, a′)−Q(s, a)

)
(4.1)

Where:

• Q(s, a) is the value of taking action a in state s.

• τ is the learning rate, which determines how much new information affects previous values.

• r is the reward received after performing action a in state s.

• γ is the discount factor, which specifies the importance of future rewards.

• maxa′ Q(s′, a′) is the maximum Q-value for the new state s′, indicating the expected
reward for the best subsequent action.

In practice, an ϵ-greedy policy is commonly used for action selection, where the agent most
often chooses the best action based on Q-values, but explores by taking random actions a
percentage of the time (ϵ) to encourage further exploration.

The use of Q-learning in optimizing maintenance policies allows the agent to learn a policy
that minimizes overall maintenance costs over time, without the computational complexity of
the traditional methods. Unlike traditional models that operate based on pre-defined rules, this
method learns empirically what actions yield the best results in the long term. In maintenance
and repair problems, Q-learning can extract strategies for determining the appropriate time
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to perform actions by receiving information from the system’s degradation level. This feature
has made Q-learning a compelling alternative to static analytical methods and can be highly
effective in complex and uncertain environments.

5 Simulation Study

5.1 Setup

This study investigates a reinforcement learning (RL) approach to optimizing track main-
tenance policies, leveraging the framework and parameterization established in Meier-Hirmer
[3]. The system is checked at regular inspections. As mentioned in the reference study, the
inspection interval is 6 weeks. In the referenced work, a Gamma process models the degradation
of the track system and a degradation limit of 1.3 is defined, representing the point at which the
system requires a major intervention prior to the subsequent inspection. The reference study
aims to identify the optimal value for SII, which triggers preventive maintenance actions, by
evaluating the asymptotic maintenance cost across a range of SII values under two scenarios:
td < δ (scenario 1) and td > δ (scenario 2).

In our RL-based approach, we simulate the track maintenance problem by constructing an
MDP environment mirroring the application described in Meier-Hirmer [3]. Consequently, the
Gamma process, and gain parameters in the reference article are treated as pre-defined inputs
to the RL environment. The formulation of the maintenance problem as an RL task requires
the explicit definition of states, actions, and rewards, as detailed in the following sections.
With the exception of the state space representation, the action space and reward function are
implemented identically across both scenarios. The Python code used to implement the RL
environment is available upon request for public use.

States

The state space encapsulates the information necessary for the RL agent to make informed deci-
sions. A key component of the state representation is the level of degradation of the track. Given
that degradation is a continuous variable, discretization is performed to enable the application
of the Q-learning algorithm. This discretization process involves partitioning the continuous
degradation range into a finite set of discrete states. Empirical evaluation, through experimen-
tation with varying numbers of discrete states and threshold values, revealed that a state space
comprising nine discrete states yielded the best performance in terms of achieving a near-optimal
policy. Table 2 presents the mapping between degradation levels and their corresponding discrete
states.

The degradation level at each inspection is determined by a Gamma process, parameterized
as described in Meier-Hirmer study [3]. However, a modification was introduced to the Gamma
process parameters to accelerate the learning process. Specifically, the rate of degradation was
increased by a factor of 25. This adjustment was implemented to mitigate the slow learning
convergence that resulted from the relatively slow degradation rate characteristic of real-world
rail tracks. This parameter adjustment solely aims to reduce the computational time required
for the agent to explore the state-action space and converge to an optimal policy and does not
alter the fundamental interaction between the agent and the environment or the underlying cost
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Table 2: Degradation level discretized to states

Level of Degradation State

0 < deg ≤ 0.2 0

0.2 < deg ≤ 0.4 1

0.4 < deg ≤ 0.6 2

0.6 < deg ≤ 0.8 3

0.8 < deg ≤ 0.95 4

0.95 < deg ≤ 1.195 5

1.195 < deg ≤ 1.25 6

1.25 < deg < 1.3 7

1.3 ≥ deg 8

structure.
In the scenario where td > δ, the state representation includes an additional component

representing the delay incurred from a previously performed standard intervention. This com-
ponent, denoted as td,before, quantifies the time elapsed since the last standard intervention.
Therefore, in this scenario, the state space consists of both the discretized degradation level and
the td,before value, providing the agent with the necessary information to account for the delayed
effects of maintenance actions.

Actions

At each inspection, the RL agent has access to a discrete action space comprising three possible
actions:

1. Do Nothing (inspect)

2. Standard Intervention

3. Major Intervention

Each intervention action results in a stochastic reduction in the level of degradation, charac-
terized by a gain sampled from a pre-defined distribution. The parameters of this distribution
are directly derived from Meier-Hirmer study [3] to ensure consistency with the reference model.

Rewards

The reward function provides feedback to the RL agent, reflecting the consequences of its ac-
tions in each state. In this simulation, costs are used to define the reward structure. A fixed
inspection cost of 50 was considered. A Standard Intervention incurs a cost of 1000, while a
Major Intervention incurs a cost 100 times greater than a Standard Intervention (i.e., 100,000).
These cost values are chosen to maintain consistency with the relative cost ratios established in
Meier-Hirmer study [3]. Rewards are then calculated as the negative of these costs, incentivizing
the agent to minimize maintenance expenditures. Table 3 represents the reward matrix for this
study.
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To ensure appropriate policy convergence, given the pre-defined degradation threshold of 1.3,
the reward structure for the terminal state was designed to strongly incentivize the selection of
a major intervention, reflecting the expert-defined necessity for such action at this degradation
level, which has passed the DL.

Table 3: Rewards function matrix

Do nothing (inspect) Standard intervention Major intervention

0 -50 -1050 -100050

1 -50 -1050 -100050

2 -50 -1050 -100050

3 -50 -1050 -100050

4 -50 -1050 -100050

5 -50 -1050 -100050

6 -50 -1050 -100050

7 -50 -1050 -100050

8 -2000050 -2001050 -400050

At each inspection, based on the action chosen, the agent is charged with a corresponding
cost, which has already been introduced in Section 3. The objective is then to learn an optimal
policy that minimizes the overall cost with the following objective function:

C(t) = CiNi(t) + CrNr(t) + CdlNdl(t) (5.1)

where Ni(t), Nr(t), and Ndl(t) represent the number of inspections, standard interventions,
and major interventions at time t, respectively.

Parameter specification

There are two sets of parameters (and hyperparameters) that need to be specified. One set is
entitled to the system and the maintenance model, while the other consists of hyperparameters
used in Q-learning algorithms:

• Degradation process: The degradation is modeled using a Gamma process with the shape
parameter α = 1.72 and the rate parameter β = 0.0238, with a rate of degradation
approximately equal to 0.04.

• Delays: In the first scenario where td < δ, the delay for both interventions is randomly
generated from a uniform distribution U(0, 1). For the second scenario, however, the delay
of the major intervention remains the same, but the standard intervention is executed with
a delay that comes from a new uniform distribution U(1, 2).

• Gain: As mentioned before, gain is a randomly generated number from a normal distri-
bution g(µ+ηx),σ. The estimation µ, η, and σ for the gain corresponding to a standard
intervention are −0.39, 0.8, and 0.22. On the other hand, the corresponding estimates for
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the gain of a major intervention are −0.45, 1.06, and 0.08, respectively. Figure 1 also pro-
vides a clear visualization of the mean gain for the two types of interventions, consistent
with the explanation given in Section 3.

• Learning rate: This hyperparameter, denoted as τ , is first initialized at 1 and is decayed
by 1% after each step.

• Epsilon in ϵ-greedy: This hyperparameter is also initialized and decayed similarly to the
learning rate.

• Discount factor: γ = 0.8

Figure 1: Mean standard and major gain vs. degradation level

• Delay: to change the constant nature of the delay proposed in the reference article, here
we assume that delay is a random number, generated from a uniform distribution. For the
first scenario the distribution for the delay of the standard intervention would be U(0, 1)
and for the second scenario this changes to U(1, 2).

5.2 Results

Here we present the results obtained from the simulation which is implemented separately
for each scenario. At each of them, an optimal value for two thresholds, SII and MII, have
been computed. The optimal policy given by the Q-learning algorithm is then compared to the
optimal policy derived in the Meier-Hirmer study. In other words, the mean cost of the optimal
policy derived from our proposed method and the one proposed in the reference article, each
corresponding to the founded optimal thresholds, have been compared.

Scenario 1: td < δ

In this scenario any initiated intervention will be delivered at some point before the next inspec-
tion. With that in mind and incorporating the components defined earlier (states, actions and
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rewards), the RL environment has been set up. Figure 2 shows the validity of the setup environ-
ment. At this point the agent is not trained yet and the purpose is to check if the environment
is working in a legit, acceptable way.

Figure 2: Degradation over time with interventions (td < δ)

Following validation of the simulation environment, the Q-learning algorithm was employed
to train the RL agent. The training process consisted of 2000 episodes, each comprising 5000
steps. Each step represents an inspection event, effectively discretizing time such that inspections
occur at unit intervals (i.e., δ = 1). This unit interval can be interpreted as a representative
time period, such as six weeks. This temporal discretization and the interpretation of steps as
inspection events hold true for both experimental scenarios.

After the agent is trained, an optimal policy was obtained from the results of the Q-table.
The agent learns to defer intervention (choosing ”Do Nothing”) during the initial phases of
degradation (states 0-4). This reflects a cost-effective strategy of allowing the system to operate
without unnecessary intervention when its condition is good. When the degradation level reaches
state 5, the agent initiates a ”Standard Intervention,” indicating that it recognizes the need for a
preventative standard maintenance to mitigate further degradation. Finally, in states 6, 7, and
8, the agent consistently selects ”Major Intervention,” demonstrating its understanding of the
necessity for preventive and corrective major interventions when the system reaches a critical
degradation threshold. This policy specifies the optimal values of SII and MII, which are shown
and compared to the optimal policy given by the reference article in Table 4. Additionally,
Figure 3 demonstrates the trained agent going through an episode of 100 steps.

Table 4: Comparison between our optimal policy and Meier-Hirmer optimal policy (td<
δ).
Obtained thresholds Our optimal policy Obtained thresholds Meier-Hirmer study optimal policy

deg ≤ 0.95 (SII) Do nothing deg ≤ 0.98 (SII) Do nothing

0.95 < deg ≤ 1.95 (MII) Standard Intervention deg < 1.3 (DL) Standard Intervention

1.95 < deg < 1.3 Preventive Major Intervention
deg ≥ 1.3 Corrective Major Intervention

deg ≥ 1.3 Corrective Major Intervention
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Figure 3: Trained agent on an episode of 100 steps (td < δ)

To compare our optimal policy with the reference article, we let the trained agent go through
1000 episodes, each consisting of 500 steps. The mean cost derived from this procedure resulted
in −238.564, while the optimal policy given by the reference article has a mean cost of −294.478.
This shows a significant reduction in the mean cost by roughly 19%. By incorporating the use
of confidence intervals, a mean cost distribution for both of these policies is demonstrated in
Figure 4. The histogram shows a clear shift in the reward distribution towards higher values
compared to the reference policy. This visually confirms that, on average, the RL agent achieves
better outcomes, with a more favorable distribution of maintenance costs.

Figure 4: Comparison of distribution of mean costs between our optimal policy and Meier-Hirmer
optimal policy (td < δ)

Scenario 2: td > δ

In this scenario, standard interventions are executed within a time delay longer than the inspec-
tion interval. As mentioned before, there is a slight change in the definition of states when we are
in this scenario, which involves incorporating the use of td,before denoting the time of delay after
the last standard intervention call. This means that at each inspection, there is an additional
component involved to explain the systems state, which depends on whether it is still in the
delay period of the previously called standard intervention (done = False), with a randomly
generated value for td,before or there is no td,before involved and the agent is ready to take a new
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action (done = True). Figure 5 illustrates a sample trajectory of the agent’s actions, where
interventions are followed by a delay and subsequent gain resulting from the delayed action.

Figure 5: Degradation over time with interventions (td > δ)

Since in this scenario, the environment becomes more complex, the learning process of the
agent is affected. Therefore, we increased the number of steps to 10000 for this scenario. After
running the Q-learning algorithm for 2000 episodes, an optimal policy is derived which is shown
in table 5. In contrast to our expectation that this scenario would lead to a more conservative
policy with smaller optimal value of SII, the optimal policy derived for both scenarios are the
same. This may suggest that an optimal policy associated with less amount of mean cost might
exist, but since our obtained policy has already shown a better performance comparing to the one
from the reference article, the search for even a better policy was not our priority. Moreover, for
a clearer visualization, figure 6 represents the trained agent, going through a 100- step episode.

Table 5: Comparison between our optimal policy and Meier-Hirmer optimal policy (td>
δ).
Obtained thresholds Our optimal policy Proposed thresholds Meier-Hirmer study optimal policy

deg ≤ 0.95 (SII) Do nothing deg ≤ 0.74 (SII) Do nothing

0.95 < deg ≤ 1.95 (MII) Standard Intervention 0.74 < deg < 1.3 (DL) Standard Intervention

1.95 < deg < 1.3 Preventive Major Intervention
deg ≥ 1.3 Corrective Major Intervention

deg ≥ 1.3 Corrective Major Intervention

Like the first scenario, After the agent is trained, we let it run for 1000 episodes, each
consisting of 500 steps, to access an estimation of the mean costs. The mean cost for our
obtained policy was -434.216, while the corresponding policy based on the reference has an
average cost of -793.394. This indicates that the reduction of the mean of costs is even more
significant in this scenario, being around 45%. Figure 7 shows the distribution of average costs
for both policies which compared to the first scenario, visualizes a non-overlapping situation for
both of the policies.

Overall, results suggest that finding an adjusted optimal value for SII, alongside with in-
troducing a second threshold MII which lead us to incorporating not only the corrective major
intervention, but also a preventive major intervention, lead to a significant cost reduction in
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Figure 6: Trained agent on an episode of 100 steps (td > δ)

Figure 7: Comparison of distribution of mean costs between our optimal policy and Meier-Hirmer
optimal policy (td > δ)

both scenarios. Additionally, our study suggests by introducing a level of uncertainty to the
delays, making them random instead of constant, the agent still manages to learn an optimal
policy. Figure 8 validate this by demonstrating the convergence of rewards in both scenarios,
after agent is trained for 2000 episodes.

6 Conclusion and Discussion

Our proposed optimal policies for both scenarios (td < δ and td > δ) showed a significant
decrease in long-term average cost compared to the policies presented in the Meier-Hirmer
study. By adding uncertainty to the system through incorporating random delays, the Q-
learning algorithm leads to an optimal policy without much time complexity. The use of the
Q-learning algorithm provided a flexible and adaptable simulation environment, suitable for
testing and trialing different sets of parameters and reward functions.

The proposed method showed some promising results; however, some initial restrictions were
taken into account when implementing the simulation. For example, in the second scenario, if
a standard intervention is initiated at an inspection, then at the next inspection when the
system is still within the delay of the initiated intervention, the agent can initiate a second
standard intervention with a delay that must be less than the inspection interval (td < δ).
In other words, our model is restricted to the assumption that a second call for a standard
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(a) Rewards convergence for (td < δ) (b) Rewards convergence for (td > δ)

Figure 8: Comparison of Rewards Convergence for Different Scenarios

intervention, while still in the delay of the previous one, must lead to its execution prior to the
next inspection. Therefore, future studies can focus on incorporating td > δ for all standard
intervention initiations, even when the system is in delay (done = False).

Another aspect that can be improved is the introduction of a third scenario, where a random
delay for standard intervention can be initiated, covering both scenarios (td > δ and td < δ).
Instead of investigating each scenario separately, both of these scenarios can be implemented
within a single RL environment, with a random delay generated from a uniform distribution
U(0, 2).

With that being said, the proposed model has a predefined threshold for the time of delay.
This means that it can only handle situations where the maximum delay time equals two inspec-
tion intervals. In the future, this restriction could also be removed by allowing the delay time
to extend beyond two inspection intervals. While this could significantly impact the optimal
policy and potentially worsen the system’s condition due to the increased uncertainty, it also
helps to create a more realistic environment.
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Abstract

A system comprising n independent subsystems is considered, where each
subsystem consists of d dependent components. The system is operational if and
only if at least k out of the n subsystems are functioning. The Gumbel copula
function is employed to model the dependency among the components within each
subsystem. The system reliability is analytically evaluated, and graphical results
are presented to illustrate the findings. The study demonstrates that ignoring
dependency among components leads to significant bias in reliability estimation.
Finally, key conclusions and implications are discussed.

Keywords: Coherent system, Dependency, Gumbel Copula, Reliability

1 Introduction

The reliability analysis of coherent systems is one of the most interesting topics in engineering
and industries. Such systems have been described by Barlow and Proschan [1]. A k-out-of-n
system is a kind of coherent systems which consists of n elements, and functions if and only if
at least k of its elements function.

The independence assumption among the system elements has been considered in most pre-
vious research works. However, there are situations that all elements or a part of them are
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dependent to each other. Estimating reliability of such systems may be incorrect if depen-
dencies are ignored. Navarro et al. [4] studied properties of coherent systems with dependent
components. Bayramoglu [2] discussed the reliability and mean residual life of complex systems
with two dependent components per element. Ota and Kimura [6] investigated coherent sys-
tems with dependent components due to common factors by using the concept of factor copula.
Ghanbari et al. [3] investigated a stochastic comparisons of series and parallel systems with
dependent log-logistic components. Reliability analysis for system with dependent components
based on survival signature and copula theory was studied by Zheng and Zhang [10]. Zhang
et al. [9] studied reliability and maintenance analysis of a system with dependent main and
auxiliary components.

Here, we consider the systems with n independent subsystems each consisting of d dependent
components, such that the system works properly if and only if at least k of its subsystems
function. Moreover, the copula function is used to describe the dependence structure of the
components. Such systems were called as complex k-out-of-n:d systems by Saberzadeh et al [8].
They studied a Bayesian analysis for the special case of d = 2 when the components are subject
to degradation. Similar research work has been done by Saberzadeh and Razmkhah [7].

The rest of this paper is organized as follows. In Section 2, the system used in the paper is
described. Reliability of the proposed system is evaluated in Section 3. Some graphical results
are presented in Section 4. Eventually, some conclusions are stated in Section 5.

2 Model description

Suppose that a system constitutes by n independent subsystems each containing d dependent
components. The components within each subsystem may be arranged in a series, parallel or any
other coherent structure. Assume that the system works if and only if at least k subsystems are
functioning. Saberzadeh et al. [8] called such a system a complex k-out-of-n:d series (parallel)
system if the components of each subsystem are connected in a series (parallel) structure. They
provided a Bayesian reliability analysis for such systems under degradation performance in the
special case of d = 2. Here, we present some classical reliability analysis based on lifetime
data. Assume that components of all subsystems have the same distribution. Let us denote
the lifetime of the jth (j = 1, 2, ..., d) component of each subsystem by Tj which obeys the
marginal cumulative distribution function (cdf) Gj(·). Also, denote by Xi the lifetime of the ith
(i = 1, 2, ..., n) subsystem. To obtain the reliability function of Xi, we use a copula function to
model dependency structure of the components. A copula function indeed connects individual
marginal cdfs to obtain the joint cdf of (T1, . . . , Td). According to Sklars Theorem, there exists
a unique copula C(·) such that for all real values t1, . . . , td, the joint cdf of (T1, . . . , Td) is

H(t1, . . . , td) = C(G1(t1), . . . , Gd(td)). (2.1)

Equation (2.1) demonstrates any multivariate distribution can be decomposed into a copula and
its marginals. Thus, copula functions offer a much more flexible method to study multivariate
distributions. For more details about the copula function and different kinds of it, the interested
reader may refer to Nelsen [5]. In this paper, we use the Gumbel copula function as an upper
tail dependence Archimedean copula. For ui ∈ [0, 1], i = 1, . . . , d, this copula is given by

C(u1, . . . , ud) = exp

−
(

d∑
i=1

(
− log ui

)θ)1/θ
 , θ ≥ 1, (2.2)
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where θ is called the dependency parameter and shows the dependency between variables. The
relationship between Kendall’s correlation τ and the dependence parameter is τ = 1 − 1/θ.
That is, this copula covers a wide range of dependency from independent to totally dependent
variables.

3 Reliability evaluation

In this section, the reliability of a complex k-out-of-n:d system is studied. It is obvious that the
coherent structure among the components of each subsystem affects the reliability of the system.
However, the series and parallel structures comprise the minimum and maximum reliabilities,
respectively. So, we focus on complex k-out-of-n:d series (parallel) system. Since the subsystems
have a k-out-of-n structure, the system lifetime is the (n − k + 1)th order statistic among
X1, . . . , Xn, denoted by Xn−k+1:n. Therefore, the system reliability is derived as

R(x) =

n∑
j=k

(
n

j

)
(1− F (x))j(F (x))n−j , (3.1)

where F (·) stands for the cdf of Xi’s.
• When the subsystems have a parallel structure, their lifetime X1, . . . , Xn are some copies

of

X = max{T1, . . . , Td}

with the following cdf

Fp(x) = P (T1 ≤ x, . . . , Td ≤ x)

= C
(
G1(x), . . . , Gd(x)

)
, (3.2)

where the subscript p stands for the parallel subsystem. Using, the Gumbel copula (2.2), we get

Fp(x) = exp

−
(

d∑
i=1

(
− logGi(x)

)θ)1/θ
 . (3.3)

Substituting Fp(x) instead of F (x) in (3.1), the reliability of a complex k-out-of-n:d parallel
system is derived.
• Analogously, when the components within each subsystem are series, the subsystem lifetime

are copies of

X = min{T1, . . . , Td}

with the following cdf

Fs(x) = 1− P (T1 > x, . . . , Td > x)

= 1− C
(
Ḡ1(x), . . . , Ḡd(x)

)
= 1− exp

−
(

d∑
i=1

(
− log Ḡi(x)

)θ)1/θ
 , (3.4)

where Ḡi(x) = 1−G(x) and the subscript s stands for the series subsystem. Hence, the reliability
of a complex k-out-of-n:d series system is obtained by substituting Fs(x) instead of F (x) in (3.1).
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Remark 3.1. For the special case of θ = 1, the Gumbel copula associates with the independent
random variables T1, . . . , Td. In this case, the equations (3.2) and (3.4) are simplified as

Fp(x) =

d∏
i=1

Gi(x) and Fs(x) = 1−
d∏
i=1

Ḡi(x),

respectively.

4 Graphical results

Here, we assume that the lifetime of the ith (i = 1, . . . , d) component of each subsystem follows
Weibull distribution with the cdf

G(t) = 1− exp{−(t/αi)βi},

where αi and βi are the scale and shape parameters, respectively. In this section, we consider
(α1, . . . , α4) = (1, 1.2, 1.3, 1.4) and (β1, . . . , β4) = (5, 6, 7, 8) to analyze systems with at most
four components in each subsystem. The behavior of the reliability function is investigated from
three perspectives. First of all, the effect of dependence parameter on the system reliability is
shown in Figure 1 for complex 3-out-of-5:2 and 3-out-of-5:3 series and parallel systems. From
this figure, it is observed that

1. The most (least) reliability corresponds to the systems with independent parallel (series)
components. This is the case of θ = 1.

2. When the components are dependent, the system reliability decreases (increases) for the
subsystems with parallel (series) structure. Moreover, by increasing θ, the reliability de-
creases (increases) further when the structure of subsystems is parallel (series). Therefore,
ignoring dependence among the components results in a bias in reliability.

3. Our computations show that increasing θ to values greater than 2 does not result in a
significant difference in reliability.

4. As the number of dependent components d increases, the difference in reliability between
systems with series and parallel components becomes greater.

Now, to study the effect of number of dependent components of each subsystem, the relia-
bility functions of complex 3-out-of-5:d series and parallel systems are plotted in Figure 2 for
d = 2, 3, 4 when θ = 1, 1.5 is fixed. It is deduced that for a given θ, the reliability of com-
plex 3-out-of-5:d parallel systems increase significantly when d increases. However, increasing
the number of components results in a non-significant decrease in the reliability of complex
3-out-of-5:d series systems.

The final graphical result focuses on studying the effect of the number of subsystems on
system reliability. Toward this end, the reliability functions of complex 3-out-of-n:3 series and
parallel systems are plotted in Figure 3 for n = 3, 5, 10 when θ = 2 is fixed. It is seen that

1. By increasing the number of subsystems n, the system reliability increases for both parallel
and series structure of subsystems.

2. The reliability of a complex 3-out-of-10:3 series system is greater than that of a complex
3-out-of-3:3 parallel system for times before a specific time t0. Generally, reliability of a
complex k-out-of-n1:d series system may be greater than that of a complex k-out-of-n2:d
parallel system for some n1 > n2.
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Figure 1: Reliability of complex 3-out-of-5:d parallel (plots in black) and series (plots in red) systems
for d = 2, 3 and some choices of θ.
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Figure 2: Reliability of complex 3-out-of-5:d parallel (plots in black) and series (plots in red) systems
for d = 2, 3, 4 and θ = 1, 1.5.

5 Conclusions

A k-out-of-n:d system was considered and its reliability was studied. It was assumed that the
components were put in a series or parallel arrangement. The dependency among the components
was modeled by a Gumbel copula function with dependency parameter θ. By some graphical
results, the behavior of system reliability with respect to varying n, d and θ was investigated.
The following are the main results of the paper:

1. When the components are dependent, the system reliability decreases (increases) with
respect to the case of independent components for the subsystems with parallel (series)
structure.

2. As the dependency among components becomes stronger, the reliability decreases (in-
creases) further when the structure of subsystems is parallel (series). Therefore, ignoring
dependence among the components results in a bias in reliability.

3. When the structure of each subsystem is parallel, increasing the number of dependent
components enhances the system reliability. On the other hand, for subsystems with series
components, increasing the number of components slightly reduces the system reliability.

4. For a given k, increasing the number of subsystems increases the system reliability.
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Figure 3: Reliability of complex 3-out-of-n:3 parallel (plots in black) and series (plots in red) systems
for n = 3, 5, 10 when θ = 2.

The results of the paper may extended to the following cases:

• Gumbel copula is a member of Archimedean class of copulas which was used in this
paper. Other Archimedean copulas or even Elliptical or extreme-value copulas may be
used to perform a comprehensive study for various types of tail dependence. For example,
Gumbel and Joe copula functions have upper tail dependence, Clayton copula has lower
tail dependence and Frank copula is symmetric with no tail dependence.

• In this paper, the special cases that subsystems have series or parallel components were
studied. The results may be extended to other arrangement for the components or even
other structures for subsystems. Moreover, subsystems with different sizes or different
distributions may be investigated.
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Analyzing Rayeligh-Poisson Model for Censored

Data with Informative Random Removals
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Abstract

An important challenge when using progressive Type-II right censoring is
determining a removal scheme. This can be fixed in advance or chosen randomly
based on some discrete probability distributions. In this paper, we propose a
new approach where the experiment itself influences the removal scheme, leading
to the implementation of an informative censoring plan. For this purpose, we
consider the Rayleigh Poisson distribution for lifetime data, along with two types
of distributions for random removals: the truncated Poisson distribution and the
truncated discrete Rayleigh distribution. Then, we obtain the maximum likelihood
estimators and compare our new approaches with the patterns of removal obtained
from the discrete binomial distributions via a Monte Carlo simulation study in
terms of their biases, mean squared errors, and values of expected total time on
the experiment.

Keywords: Binomial removals, Expected total time, Random removal,
Weibull distribution.

1 Introduction

In clinical trials that involve time-to-event data, subjects are monitored until the event of in-
terest occurs or until they are censored. Censoring for time-to-event outcomes can happen for

1m.sharafi@razi.ac.ir
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various reasons, including reaching the end of the follow-up period, losing contact with partic-
ipants, or individuals discontinuing their participation in the study without further data being
collected. Moreover, in life-testing experiments, various constraints such as time and cost may
prevent researchers from observing the entire lifetime of every unit. There are different censoring
schemes, with one of the most common being the progressive type-II censoring scheme. This
scheme allows for the removal of units at points other than just at the end of the experiment.
Units may also drop out randomly. This flexibility can help ensure the accuracy and validity of
the experiment’s results. For instance, the number of patients who drop out of a clinical trial
at each stage is random and cannot be anticipated. In some life test studies, an experimenter
may determine that it is inappropriate or too dangerous to continue testing certain units, even
if those units have not yet failed. In such cases, the pattern of removal at each failure is random.
[10] considered a situation where each experimental unit was dropped out from the life test
independently of the others with the same removal probability p for the two-parameter Weibull
distributed data. In this case, the number of test units removed at each failure time followed
the binomial distribution. Several researchers have examined the inference of lifetime data with
binomial removals, including [9], [7], [3]. Readers are also referred to [1] on pages 339-340.

The Binomial distribution presents challenges and may not accurately reflect the phenomena
being studied. One key issue is the fixed removal probability p at each stage, which plays a
significant role in determining expected test times and inferential results. Both small and large
values of p can significantly impact statistical inference. The Binomial distribution presents
challenges and may not accurately reflect the phenomena being studied. One key issue is the fixed
removal probability p at each stage, which plays a significant role in determining expected test
times and inferential results. Both small and large values of p can significantly impact statistical
inference. When p is too small, there is a low chance of removing a surviving unit at each
experimental stage, leading to most units being eliminated in the final step. This situation causes
the progressive censoring scheme to resemble a Type-II censoring plan, thereby questioning the
validity of implementing such a plan. Conversely, if p is large and approaches 1, remaining units
tend to be removed early in the life test. As a result, the observed lifetimes are much closer
to the tail of the failure time distribution. Therefore, the expected test time for progressive
Type-II censoring with binomial removals is nearly equivalent to that of a complete sample.
Additionally, assuming p to be random and following a specific probability distributionsuch as the
beta distribution (refer to [8])can introduce further complications by adding more parameters to
the model or requiring validation of the true probability distribution of p. As a result, analyzing
binomial random removals is non-informative, as the distribution of life (survival) times provides
no information about the distribution of random removals. Ghahramani et al. [4] and Sharafi
et al. [9] proposed scenarios for dependent removals based on normalized spacings with random
and fixed coefficients, consistent with progressively Type-II censored order statistics from the
exponential and three-parameter Weibull distributions, respectively. They compared these new
approaches with patterns of removal from discrete uniform and binomial distributions through
Monte Carlo simulations and real data studies.

In this paper, we propose a new approach where the experiment itself influences the removal
scheme, leading to the implementation of an informative censoring plan. For this purpose, we
consider the Rayleigh Poisson distribution for lifetime data, along with two types of distributions
for random removals: the truncated Poisson distribution and the discrete truncated Rayleigh
distribution.

The structure of this article is as follows: Section 2 introduces the models of the Rayleigh
Poisson distribution, the truncated Poisson distribution, and the truncated discrete Rayleigh
distribution. We focus on three types of distributions for random removals: informative dis-
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tributions, such as the truncated Poisson and the discrete truncated Rayleigh distributions,
as well as a non-informative distribution, the binomial distribution. In Section 3, we conduct
simulations to evaluate and compare the performance of estimators obtained through different
methods.

2 Model

The probability density function (pdf) of Rayleigh-Poisson distribution is given by

f(x, θ, λ) =
2θxλe−λ

1− e−λ
e−θx

2
eλe

−θx2

; θ > 0, λ > 0, x > 0, (2.1)

The cumulative distribution function (CDF) is

F (x, θ, λ) =
eλ − eλe

−θx2

eλ − 1
; θ > 0, λ > 0, x > 0. (2.2)

The Rayleigh-Poisson Model is one of the compounding of two most greeted probability distri-
butions, i.e. Rayleigh and zero-truncated Poisson distribution. The Weibull Poisson distribu-
tion was pioneered by [6]. Therefore, we consider two informative distributions: the truncated
Poisson distribution (DP) and the truncated discrete Rayleigh distribution (DR) for random
removals.

The truncated Poisson truncated mass function (pdf) is given by

P (R1 = r1;λ) =
e−λλr1(n−m)!

r1!Γ(n−m+ 1, λ)
, (2.3)

where Γ(s, y) is upper incomplete gamma distribution and Γ(s, y) =
∫∞
y ts−1e−tdt. For i =

2, 3, . . . ,m− 1, we get

P (Ri;λ) = P (Ri = ri|Ri−1 = ri−1, . . . , R1 = r1) =
e−λλri

(
n−m−

∑i−1
j=1 rj

)
!

ri!Γ
(
n−m−

∑i−1
j=1 rj + 1, λ

) . (2.4)

and then,

P (R = r) = P (R1 = r1) · · ·P (Rm−1 = rm−1|Rm−1 = rm−1, . . . , R1 = r1). (2.5)

Substituting from (2.3) and (2.4) into (2.5), we have

P (R = r;λ) =
e−λ(m−1)λ

∑m
i=1 ri∏m−1

i=1 Γ
(
n−m−

∑i−1
j=1 rj + 1, λ

) m−1∏
i=1

(
n−m−

∑i−1
j=1 rj

)
!

ri!
. (2.6)

The conditional likelihood function for fixed progressive Type-II censoring can be defined ac-
cording to [2] as:

L1(θ, λ;x | R = r) = c

m∏
i=1

f(xi; θ, λ)(1− F (xi; θ, λ))
ri , −∞ < x1 < . . . < xm <∞, (2.7)
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n,m ∈ N , 1 ≤ i ≤ m and c =
∏m
i=1 γi where γi =

∑m
j=1(rj +1). Substituting (2.1) and (2.2)

into (2.7), we have

L1(θ, λ;x | R) = c1

m∏
i=1

λθxi
eλ − 1

e−θx
2
i eλe

−θx2i
[eλe−θx2i − 1

eλ − 1

]ri . (2.8)

L(θ, λ;x,R) =c1

m∏
i=1

λθxi
eλ − 1

e−θx
2
i eλe

−θx2i
[eλe−θx2i − 1

eλ − 1

]ri×
e−λ(m−1)λ

∑m
i=1 ri∏m−1

i=1 Γ
(
n−m−

∑i−1
j=1 rj + 1, λ

) . (2.9)

The log-likelihood function may then be written as

ℓ(θ, λ;x,R) ≡ ℓ = logA+mlogλ+m log θ +

m∑
i=1

log xi − θ

m∑
i=1

x2i + λ

m∑
i=1

e−θx
2
i−

n log(eλ − 1) +
m∑
i=1

ri
[
log(eλe

−θx2i − 1)
]
− (m− 1)λ+ log λ

m−1∑
i=1

ri

−
m−1∑
i=1

log
(
Γ(n−m−

i−1∑
j=1

rj + 1, λ)
)
. (2.10)

The normal equations are obtained by equating the first-order partial derivatives of the loglike-
lihood function w.r.t. the parameters to zero, i.e.,

∂ℓ

∂θ
=

m

θ
− λ

m∑
i=1

x2i e
−θx2i

[
1 + ri(1− e−λe

−θx2i )−1
]
= 0. (2.11)

∂ℓ

∂λ
=

n− rm
λ

+

m∑
i=1

e−θx
2
i − n(1− e−λ)−1 +

m∑
i=1

rie
−θx2i

(
1− e−λe

−θx2i
)−1−

(m− 1) +

m−1∑
i=1

λn−m−
∑i−1

j=1 rje−λ

Γ(n−m−
∑i−1

j=1 rj + 1, λ)
= 0. (2.12)
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∂2ℓ

∂θ2
=− m

θ2
+ λ

m∑
i=1

x4i e
−θx2i

[
1 + ri

(
1− e−λe

−θx2i
)−1]

+ λ2
m∑
i=1

rix
4
i e

−2θx2i e−λe
−θx2i×

(
1− e−λe

−θx2i
)−2

.

∂2ℓ

∂λ∂θ
=−

m∑
i=1

x2i e
−θx2i

[
1 + ri(1− e−λe

−θx2i )−1
]
+ λ

m∑
i=1

rix
2
i e

−2θx2i e−λe
−θx2i×

(
1− e−λe

−θx2i
)−2

.

∂2ℓ

∂λ2
=
−(n− rm)

λ2
+ ne−λ(1− e−λ)−2 −

m∑
i=1

rie
−2θx2i e−λe

−θx2i
(
1− e−λe

−θx2i
)−2

+

m−1∑
i=1

e−λλn−m−
∑i−1

j=1 rj−1

Γ(n−m−
∑i−1

j=1 rj + 1, λ)
×(n−m−

i−1∑
j=1

rj − λ
)
− e−λλn−m−

∑i−1
j=1 rj+1

Γ(n−m−
∑i−1

j=1 rj + 1, λ)

 .

We also consider truncated discrete Rayleigh Distribution for random removals follow as:

P (Ri = ri|Ri−1 = ri−1, . . . , R1 = r1) =
e−θr

2
i − e−θ(ri+1)2

1− exp(−θ(n−m−
∑i−1

j=1 rj + 1)2)
. (2.13)

L(θ, λ;x,R) =c1

m∏
i=1

λθxi
eλ − 1

e−θx
2
i eλe

−θx2i
[eλe−θx2i − 1

eλ − 1

]ri×
m−1∏
i=1

e−θr
2
i − e−θ(ri+1)2

1− exp(−θ(n−m−
∑i−1

j=1 rj + 1)2)
. (2.14)

Suppose that an individual unit being removed from the experiment at the ith failure,
i = 1, 2, . . . , r − 1 is independent of the others, but with same probability p. Then, the number
Ri of units removed at the ith failure, i = 1, 2, . . . , r − 1 follows a binomial distribution with
parameters n− r −

∑i−1
ℓ=1 rℓ and p. Therefore,

P (R1 = r1) =

(
n− r

r1

)
pr1(1− p)n−r−r1 , (2.15)

P (Ri = ri|R1 = r1, . . . , Ri−1 = ri−1) =

(
n− r −

∑i−1
j=1 rj

ri

)
pri(1− p)n−r−

∑i−1
j=1 rj , (2.16)

where 0 ≤ r1 ≤ n− r and 0 ≤ ri ≤ n− r −
∑i−1

j=1 rj for i = 1, 2, . . . , r − 1. Then

P (R = r) =
(n− r)!(

n− r −
∑r−1

j=1 rj

)
!
∏r−1
j=1(kj)!

p
∑r−1

j=1 rj (1− p)(r−1)(n−r)−
∑r−1

j=1(r−j)rj . (2.17)
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3 Simulation results

A Monte Carlo simulation study is performed to compare the performance of the proposed
removal models, the discrete binomial random removals. The point estimation is evaluated by
estimation value, bias, the mean square error (MSE) and the expected total time. For each
set of simulated data, we have computed the estimators discussed in Section ??. The program
codes of simulation results are written in R Version 3.5.2 and the maxLik function that is in the
maxLik package is used for the constrained optimization (see [5]).

Based on the results obtained from the simulation, it was found that the absolute values of
bias and RMSEs for all the estimators generally decrease as the proportion of effective samples,
represented by r/n, increases. When n and r are fixed the DP and DR estimators provide the
smallest bias and RMSE for the estimates in most cases. The aim of this paper is to compare
different methods of generating random removals and analyze their impact on the termination
point of an experiment. From Table 7 we have observed that the expected total time value
(denoted by E(Xm:m:n)) increases as the fixed sample size n and the effective sample size m
increases, which is an expected result. When θ remains fixed, the value increases with an
increase in λ. Furthermore, we have discovered that the values of E(Xm:m:n) under the Dp and
DR approaches are significantly lower compared to the values based on the uniform and binomial
models. The DR approach has the lowest expected test times compared to other approaches.
This preference is maintained even for a small effective sample size m.
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Table 1: Simulated results under different approaches of generating progressive censoring
schemes with θ = 1, and λ = 0.5

θ λ

n r Removal plan Bias RMSE Bias RMSE Cov(θ̂, λ̂)

10 4 DP 0.796670 1.08456 0.575843 0.648232 0.016190

DR −0.765323 0.767499 0.776061 0.778891 0.001685

Bin(p = 0.1) 1.036848 1.310492 −0.456256 0.509548 0.083552

Bin(p = 0.5) 0.890470 1.325872 −0.411014 0.508585 0.058377

Bin(p = 0.9) 0.663518 1.271081 −0.309695 0.533567 −0.013407

10 8 DP −0.096499 0.413476 1.074865 1.186895 −0.031768
DR 0.414608 0.480656 −0.369837 0.386766 0.001440

Bin(p = 0.1) 0.492979 0.739139 0.451601 0.489212 −0.000004
Bin(p = 0.5) 0.323848 0.654739 −0.244050 0.581977 −0.071044
Bin(p = 0.9) 0.250827 0.608951 −0.129341 0.659381 −0.102804

20 8 DP 0.296174 0.527188 0.463810 0.508576 0.0381324

DR −0.858559 0.859358 0.310477 0.339473 0.003943

Bin(p = 0.1) 1.960943 2.062672 −0.498649 0.501384 −0.001849
Bin(p = 0.5) 0.431538 0.714475 −0.359580 0.495358 −0.012145
Bin(p = 0.9) 0.323980 0.649745 −0.239750 0.549935 −0.055366

20 12 DP 0.011615 0.336172 0.712770 0.745361 −0.000638
DR −0.444755 0.468910 0.161241 0.174318 0.002564

Bin(p = 0.1) 0.464533 0.674128 −0.478708 0.486971 0.0126508

Bin(p = 0.5) 0.264919 0.522251 −0.258315 0.532730 −0.052761
Bin(p = 0.9) 0.194147 0.472740 −0.140793 0.624937 −0.088549

40 10 DP 0.060553 0.317891 0.543795 0.549955 0.017910

DR −0.959666 0.960091 0.499273 0.681056 −0.011599
Bin(p = 0.1) 2.989949 3.013813 −0.4999365 0.4999422 −0.000028
Bin(p = 0.5) 0.424362 0.644963 −0.383533 0.482636 −0.012328
Bin(p = 0.9) 0.291363 0.573230 −0.243334 0.553691 −0.058365

40 20 DP 0.361036 0.499555 0.599302 0.629398 −0.017313
DR −0.807519 0.819948 0.509062 1.359281 0.153846

Bin(p = 0.1) 0.612212 0.650481 −0.489968 0.492411 −0.001539
Bin(p = 0.5) 0.174363 0.364727 −0.214446 0.562810 −0.065735
Bin(p = 0.9) 0.130263 0.344292 −0.115335 0.617502 −0.085314
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Table 2: Simulated results under different approaches of generating progressive censoring
schemes with θ = 1, and λ = 1

θ λ

n r Removal plan Bias RMSE Bias RMSE Cov(θ̂, λ̂)

10 4 DP 0.856504 1.148503 0.544941 0.673452 −0.016086
DR −0.759813 0.761948 0.356258 0.362575 0.001628

Bin(p = 0.1) 1.280561 1.613403 −0.914484 0.967313 0.147068

Bin(p = 0.5) 1.157727 1.618840 −0.873885 0.950463 0.108419

Bin(p = 0.9) 0.947252 1.563040 −0.771216 0.912196 −0.012212

10 8 DP −0.002809 0.430705 0.750119 0.922096 −0.029689
DR 0.491223 0.543655 −0.840793 0.848419 0.001532

Bin(p = 0.1) 0.783355 1.047515 −0.946689 0.969525 −0.004313
Bin(p = 0.5) 0.5453434 0.906539 −0.689327 0.904756 −0.109108
Bin(p = 0.9) 0.443818 0.834744 −0.549235 0.893292 −0.150765

20 8 DP 1.752811 1.903803 0.166317 0.404569 −0.060406
DR −0.857074 0.857931 −0.160627 0.216608 0.004359

Bin(p = 0.1) 2.160376 2.216866 −0.997281 01.000281 0.000788

Bin(p = 0.5) 0.681954 1.003857 −0.826088 0.913242 −0.031872
Bin(p = 0.9) 0.519204 0.879217 −0.664569 0.875861 −0.096385

20 12 DP 0.171456 0.428815 0.444245 0.564980 0.004452

DR −0.414354 0.447677 −0.246904 0.252926 0.001125

Bin(p = 0.1) 0.892921 0.988498 −0.974872 0.979085 0.011244

Bin(p = 0.5) 0.454887 0.698979 −0.663312 0.868856 −0.094660
Bin(p = 0.9) 0.380723 0.657622 −0.545551 0.865234 −0.137229

40 10 DP 0.217714 0.399259 0.256536 0.278283 0.0237559

DR −0.959171 0.959607 −0.014104 0.463999 −0.011874
Bin(p = 0.1) 3.064853 3.072726 −0.999711 0.999738 0.000256

Bin(p = 0.5) 0.656612 0.870465 −0.846094 0.914070 −0.024853
Bin(p = 0.9) 0.488525 0.774250 −0.666767 0.865918 −0.087835

40 20 DP 0.537881 0.569743 0.551511 0.597849 0.014899

DR −0.781346 0.804431 0.150746 1.483783 0.244208

Bin(p = 0.1) 0.747140 0.810147 −0.983222 0.984763 0.002487

Bin(p = 0.5) 0.334267 0.521935 −0.606101 0.851210 −0.104655
Bin(p = 0.9) 0.274564 0.4911501 −0.4673109 0.860157 −0.143801
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Table 3: Simulated results under different approaches of generating progressive censoring
schemes with θ = 1, and λ = 2

θ λ

n r Removal plan Bias RMSE Bias RMSE Cov(θ̂, λ̂)

10 4 DP 0.949976 1.380469 0.426680 0.531513 −0.077311
DR −0.755098 0.757278 −0.475720 0.479894 0.001131

Bin(p = 0.1) 2.075264 2.281572 −1.799881 1.857189 0.269367

Bin(p = 0.5) 1.993314 2.424751 −1.821757 1.885634 0.164303

Bin(p = 0.9) 1.619692 2.276713 −1.685438 1.788040 −0.019858

10 8 DP 0.277865 0.649238 −0.008074 0.636902 −0.035839
DR 0.628548 0.668154 −1.743871 1.747737 0.000927

Bin(p = 0.1) 1.635424 1.955222 −1.933171 1.949729 −0.027146
Bin(p = 0.5) 1.114411 1.530757 −1.604613 1.738757 −0.226713
Bin(p = 0.9) 0.959809 1.42016 −1.447492 1.625545 −0.307255

20 8 DP 2.193174 2.193733 2.808901 2.809196 −0.000139
DR −0.854980 0.855907 −1.114936 1.126141 0.005006

Bin(p = 0.1) 2.455871 2.542069 −1.985654 1.990886 0.02217916

Bin(p = 0.5) 1.365638 1.759053 −1.765731 1.829582 −0.085774
Bin(p = 0.9) 1.114660 1.543881 −1.584415 1.709924 −0.199047

20 12 DP 0.488733 0.652888 −0.071874 0.497804 −0.063375
DR −0.373096 0.422384 −1.057920 1.058863 −0.000873

Bin(p = 0.1) 2.173875 2.314614 −1.986946 1.989223 −0.008630
Bin(p = 0.5) 0.918024 1.20099 −1.512092 1.643603 −0.182682
Bin(p = 0.9) 0.825047 1.140509 −1.365074 1.57474 −0.267193

40 10 DP 0.493414 0.660410 −0.198542 0.247013 0.046098

DR −0.959899 0.9603153 1.005022 1.107683 −0.0111817
Bin(p = 0.1) 3.147276 3.157539 −1.995608 1.996764 0.006408

Bin(p = 0.5) 1.270180 1.535471 −1.772674 1.831776 −0.027184
Bin(p = 0.9) 1.010975 1.341174 −1.543283 1.672645 −0.147383

40 20 DP 0.640712 0.673167 −0.233823 0.342422 −0.007910
DR −0.706468 0.773598 −0.527204 2.071396 0.556754

Bin(p = 0.1) 1.395754 1.469774 −1.952170 1.957556 0.024468

Bin(p = 0.5) 0.781479 0.993863 −1.417184 1.576036 −0.213008
Bin(p = 0.9) 0.674218 0.902218 −1.25997 1.490964 −0.269267
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Table 4: Simulated results under different approaches of generating progressive censoring
schemes with θ = 2, and λ = 0.5

θ λ

n r Removal plan Bias RMSE Bias RMSE Cov(θ̂, λ̂)

10 4 DP 0.675863 1.679309 0.719675 0.809675 −0.021040
DR −1.799003 1.799333 −0.150915 0.510314 0.015175

Bin(p = 0.1) 4.816717 5.315164 −0.479416 0.532467 0.061400

Bin(p = 0.5) 1.579545 2.148374 −0.353756 0.602593 0.183036

Bin(p = 0.9) 1.100703 1.989597 −0.235106 0.638248 0.111937

10 8 DP −0.228325 0.783441 1.071310 1.193528 0.008825

DR −0.320845 0.353834 −0.217049 0.242806 0.009126

Bin(p = 0.1) 1.111747 1.536954 −0.446983 0.501986 0.006699

Bin(p = 0.5) 0.653395 1.299587 −0.239579 0.587776 −0.125112
Bin(p = 0.9) 0.514204 1.249572 −0.130703 0.642590 −0.181904

20 8 DP 2.984995 3.091608 0.355483 0.397226 0.004325

DR −1.890583 1.890650 −0.268063 0.359452 0.003654

Bin(p = 0.1) 1.576723 1.769495 −0.4767762 0.5135182 0.03486098

Bin(p = 0.5) 0.943429 1.462723 −0.357120 0.502406 −0.019248
Bin(p = 0.9) 0.649551 1.291928 −0.229054 0.558881 −0.083841

20 12 DP 0.100474 0.540929 0.766207 0.826873 0.003020

DR −1.628941 1.631915 −0.263546 0.300236 0.011904

Bin(p = 0.1) 1.992414 2.258767 −0.493598 0.496886 −0.004621
Bin(p = 0.5) 0.494643 0.982561 −0.239213 0.520804 −0.067340
Bin(p = 0.9) 0.397616 0.929589 −0.149203 0.593331 −0.140117

40 10 DP 0.0245974 0.550972 0.652785 0.656283 0.007489

DR −1.922945 1.923261 −0.089089 0.481273 −0.016496
Bin(p = 0.1) 2.191582 2.216631 −0.491678 0.500235 0.012003

Bin(p = 0.5) 0.905245 1.302205 −0.377524 0.511534 0.007244

Bin(p = 0.9) 0.583422 1.123736 −0.242062 0.535099 −0.062602

40 20 DP 0.0635549 0.264257 0.800760 0.808675 −0.006519
DR −1.893807 1.894724 −0.322031 0.774752 0.774752

Bin(p = 0.1) 1.103615 1.164188 −0.482623 0.488305 0.007109

Bin(p = 0.5) 0.357851 0.696929 −0.219687 0.520507 −0.096259
Bin(p = 0.9) 0.271554 0.694732 0.584041 0.814533 −0.156591
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Table 5: Simulated results under different approaches of generating progressive censoring
schemes with θ = 2, and λ = 1

θ λ

n r Removal plan Bias RMSE Bias RMSE Cov(θ̂, λ̂)

10 4 DP 0.887888 1.932605 0.619140 0.812805 −0.115431
DR −0.765323 0.767499 0.776061 0.778891 0.001685

Bin(p = 0.1) 5.399835 5.749903 −0.971697 1.010445 0.071944

Bin(p = 0.5) 2.523632 3.137032 −0.845251 1.000454 0.167858

Bin(p = 0.9) 1.588388 2.464263 −0.677242 0.957439 0.128468

10 8 DP 0.035469 0.898345 0.746134 0.977980 −0.015424
DR −0.185186 0.241864 −0.658783 0.665741 0.006928

Bin(p = 0.1) 1.576623 2.013755 −0.9199345 0.970124 0.037686

Bin(p = 0.5) 1.067422 1.723489 −0.672070 0.903500 −0.199353
Bin(p = 0.9) 0.871449 1.575150 −0.530948 0.886075 −0.290203

20 8 DP 1.260455 1.274752 3.362319 3.364821 −0.015804
DR −1.890382 1.890450 −0.765577 0.803360 0.003755

Bin(p = 0.1) 9.520243 10.067830 −1.998437 1.998720 −0.001882
Bin(p = 0.5) 1.365309 1.853452 −0.786149 0.915009 −0.000991
Bin(p = 0.9) 1.039254 1.664184 −0.651375 0.872822 −0.140124

20 12 DP 0.345842 0.711765 0.497694 0.6371248 −0.030404
DR −1.624862 1.628060 −0.756092 0.771487 0.013302

Bin(p = 0.1) 2.490408 2.672304 −0.989658 0.993891 0.001767

Bin(p = 0.5) 0.889570 1.383413 −0.655901 0.845870 −0.137371
Bin(p = 0.9) 0.726762 1.266973 −0.536738 0.839662 −0.231424

40 10 DP 0.667162 0.795635 0.661251 0.679652 −0.038521
DR −1.922674 1.922988 −0.595126 0.756807 −0.016245

Bin(p = 0.1) 2.333786 2.402780 −0.974864 0.990934 0.036694

Bin(p = 0.5) 1.459103 1.886051 −0.842569 0.923266 −0.031124
Bin(p = 0.9) 0.999954 1.542416 −0.666790 0.865725 −0.119296

40 20 DP 0.037282 0.411119 −0.8698366 0.8771684 −0.011605
DR −1.891440 1.892854 −0.797594 1.152194 0.054555

Bin(p = 0.1) 2.011013 2.074511 −0.988127 0.990225 0.002315

Bin(p = 0.5) 0.670510 0.988729 −0.612844 0.803629 −0.135901
Bin(p = 0.9) 0.546187 0.936867 −0.472835 0.808630 −0.239367
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Table 6: Simulated results under different approaches of generating progressive censoring
schemes with θ = 2, and λ = 2

θ λ

n r Removal plan Bias RMSE Bias RMSE Cov(θ̂, λ̂)

10 4 DP 1.22889 2.474895 0.417138 0.684719 −0.294316
DR −1.796328 1.796707 −1.593342 1.70100 0.019353

Bin(p = 0.1) 6.251004 6.463149 −1.911211 1.970166 0.1488912

Bin(p = 0.5) 4.684171 5.497140 −1.851269 1.921179 0.088352

Bin(p = 0.9) 2.792927 3.696168 −1.569471 1.77193 0.117381

10 8 DP 0.595381 1.142995 0.031031 0.736262 0.019850

DR 0.047980 0.169355 −1.573891 1.575164 0.003606

Bin(p = 0.1) 2.886386 3.304118 −1.841664 1.893251 0.043101

Bin(p = 0.5) 2.114786 2.796097 −1.538605 1.699319 −0.362834
Bin(p = 0.9) 1.850795 2.650816 −1.391944 1.608242 −0.560924

20 8 DP 1.271592 1.329294 2.803088 2.808112 −0.061079
DR −1.889980 1.890050 −1.761345 1.778897 0.003877

Bin(p = 0.1) 9.449705 9.981375 −1.998158 1.998495 −0.001276
Bin(p = 0.5) 2.498893 3.044436 −1.67573 1.768481 −0.114531
Bin(p = 0.9) 2.134053 2.822758 −1.555333 1.685981 −0.267690

20 12 DP 1.047993 1.292370 −0.111545 0.505654 −0.035245
DR −1.618089 1.621729 −1.737989 1.746052 0.015502

Bin(p = 0.1) 3.227809 3.429729 −1.960547 1.969922 0.027320

Bin(p = 0.5) 1.90027 2.417494 −1.527282 1.660721 −0.302862
Bin(p = 0.9) 1.609975 2.189543 −1.364950 1.567577 −0.471689

40 10 DP 2.080985 2.080985 5.531152 5.531152 0

DR −1.922885 1.923200 −1.595031 1.661186 −0.016152
Bin(p = 0.1) 3.225478 3.428345 −1.866812 1.927081 0.146805

Bin(p = 0.5) 2.424775 2.806372 −1.682015 1.785097 −0.046206
Bin(p = 0.9) 1.931227 2.475967 −1.508140 1.657105 −0.272037

40 20 DP 0.579208 0.720115 0.026422 0.270760 0.063556

DR −1.891946 1.893386 −1.799042 1.998606 0.058221

Bin(p = 0.1) 3.578424 3.664448 −1.979444 1.981852 −0.009417
Bin(p = 0.5) 1.531000 1.886428 −1.428797 1.555783 −0.282170
Bin(p = 0.9) 1.304335 1.718655 −1.243484 1.455667 −0.451536
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Table 7: Expected experiment time E(Xm:m:n) under PT − II CDRs
(θ, λ)

n m Removal plan (1, 0.5) (1, 1) (1, 2) (2, 0.5) (2, 1) (2, 2)

10 4 DP 0.773897 0.793424 0.815511 0.544894 0.557782 0.574961

DR 0.633955 0.576761 0.479713 0.436182 0.633955 0.328340

Bin(p = 0.1) 0.649096 0.590629 0.492089 0.458983 0.418376 0.349663

Bin(p = 0.5) 0.995712 0.922755 0.791237 0.701100 0.652651 0.551753

Bin(p = 0.9) 1.235588 1.161282 1.010470 0.872985 0.819633 0.716187

10 8 DP 1.524917 1.450465 1.284442 1.073981 1.024133 0.905458

DR 1.288897 1.203590 1.052765 0.817908 0.761709 0.65362

Bin(p = 0.1) 1.684310 1.086033 0.932754 0.825534 0.764151 0.656759

Bin(p = 0.5) 1.432567 1.352806 1.190667 1.081586 0.959331 0.839135

Bin(p = 0.9) 1.523949 1.446023 1.283438 .073169 1.020672 0.903571

20 8 DP 0.857386 0.959290 1.074334 0.605148 0.676639 0.764831

DR 0.656978 0.596555 0.497055 0.448411 0.406779 0.338684

Bin(p = 0.1) 0.745204 0.680822 0.567512 0.528238 0.401195 0.401557

Bin(p = 0.5) 1.415599 1.335254 1.176457 1.000046 0.938964 0.824871

Bin(p = 0.9) 1.498309 1.433021 1.254365 1.067404 1.007691 0.884732

20 12 DP 1.588240 1.527418 1.383272 1.122277 1.081502 0.979366

DR 0.978579 0.902367 0.763766 0.617739 0.566083 0.475398

Bin(p = 0.1) 1.071930 0.989992 0.849901 0.760409 0.702416 0.598310

Bin(p = 0.5) 1.622987 1.546961 1.382916 1.146137 1.093763 0.970676

Bin(p = 0.9) 1.650781 1.564857 1.397002 1.159969 1.113159 0.993210

40 10 DP 0.528883 0.499754 0.481889 0.373531 0.352848 0.340550

DR 0.482843 0.435909 0.362097 0.336273 0.302451 0.251954

Bin(p = 0.1) 0.606274 0.550474 0.458410 0.427647 0.390016 0.323233

Bin(p = 0.5) 1.479524 1.390014 1.238049 1.040851 0.983938 0.8718177

Bin(p = 0.9) 1.580225 1.495737 1.326816 1.108704 1.05438 0.939858

40 20 DP 1.611711 1.607371 1.497657 1.14485 1.143483 1.062358

DR 0.819081 0.748535 0.624001 0.540879 0.490262 0.411089

Bin(p = 0.1) 0.848973 1.110764 0.962994 1.143288 0.791200 0.678891

Bin(p = 0.5) 1.780028 1.707421 1.544327 1.256243 1.206383 1.088869

Bin(p = 0.9) 1.789945 1.720608 1.548423 1.266512 1.214980 1.098613
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